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Summary 
The work presented in this Thesis is divided into two parts. 
Part I is concerned with the inclusion of the lateral flexibilities 
of a suspension system into a mathematical model. The results 
from this model show that the flexibility effects can be as 
powerful in modifying the vehicle response as the suspension/ 
steering geometry. The basic model is then developed to include 
the tyre force and steering dynamics. The effects of increasing 
the complexity of the model are investigated, in addition to a 
further study of the effects of suspension flexibilities. The 
dynamics of the vehicles are studied by computing the eigenvalues 
and eigenvectors of the system, and also by determining the 
frequency response characteristics. The results from these 
investigations verify that the effects of suspension flexibilities 
are of sufficient importance to be included into a mathematical 
model of the lateral motions of an automobile. 
In the second part, one of the mathematical models developed in 
Part I is used in an investigation into the theoretical aspects 
of the assessment of vehicle handling. The first method of 
assessment proposed is based on the frequency response 
characteristics of the vehicle. The method involves the·use of 
a single criteri .. ~to assess the handling characteristics, and it 
is shown that this simplified approach is not adequate. The 
second method is based on a procedure proposed for the assessment 
of aircraft handling characteristics. This method involves the 
use of a model for the driver, and evaluating the relative stability 
of the driver/vehicle system. 
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Knowledge of the damping associated with the system is also 
required. In this way, a region can be defined within which a 
vehicle with desirable handling characteristics can be formulated. 
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1. 
INTRODUCTION: 
The study of the lateral motions of the automobile have interested 
engineers ever since the early 1900 1 s. At that time, the lack of 
fundamental knowledge about tyres, and dat~.restricted the research 
to the considerations of steering and suspension geometries to 
produce the best possible handling characteristics. As the 
automobile aeveloped, so did the computational methods and analytical 
techniques, so that at the present time, it is possible to simulat.e 
most of the dynamic characteristics of the lateral motions of an 
automobile. 
In fact, mathematical models of up to 30 degrees of freedom have 
been proposed in the literature. At this point in time, therefore, 
it is perhaps worthwhile to take a look at the mathematical modelling 
of the lateral motions of an automobile. In doing this, it should· 
be re·membered that having modelled the dynamic system, the results 
should be able to be interpreted and understood. So that developing 
a 30 degree of freedom model may consider most of the dynamics, but 
of how much use will the results be? 
The project is divided into two parts, but since the second part is 
concerned with the theoretical assessment of vehicle handling, a 
suitable mathematical model must .first be derived. The aim of the 
first part·of the project is to develop a linear mathematical model 
of a sufficient number of degrees of freedom, so that the motions of 
a free control, or "hands off", vehicle can be stUdied, in addition 
to the more usual fixed control vehicle. The relative differences 
and justii'ication for using the free control model are discussed. 
2. 
The initial stage of Part I is to look at the effects of 
including the lateral compliance of the suspension system into a 
simple mathematical model. This particular property of a suspension 
system has often been ignored in the past. Perhaps this is because 
it was thought the inclusion would lead to difficulties in solving 
the equations, or that by including yet another effect, the complexity 
of the model was increased unnecessarily. It is 'hoped that the method 
developed for the inclusion of the compliance effects will dispel this 
idea. The simple model will then be developed to include the effects 
of tyre dynamics and steering dynamics. 
The second part of the project follows on from this work. The 
mathematical model is used t'? try to assess the characteristics 
of the vehicle which are necessary to produce good handling qualities. 
This is a field of study which has not received much attention from 
the automotive industry; however, considerable work has been done 
in the study of the longitudinal handling qualities of aircraft. 
Since an analogy between the characteristics of the longitudinal 
motions of an aircraft and the lateral motions of an automobile 
exists, the results of this work can, with some modifications in 
data and parameters, be applied to automobile handling. The theoretical 
assessment of vehicle handling qualities would be an invaluable 
design tool for the automobile industry. By specifying a vehicle 
the preliminary parameters would be fed iilto a computer program 
which would simulate the vehicle motions. This study would determine 
the dynamic and steady state. stability of the vehicle. Having found 
a suitable configuration, these parameters could then be used with 
a theoretical assessment program to ascertain the "ef1'ort" or 
handling qualities of the vehicle from the driver's point of view. 
J -
This may show that the vehicle is suitable, or further modifications 
are required. BY adopting this type of design procedure, the 
extensive development work required to produce a safe, new car 
could be considerably reduced. This degree of sophistication in 
the design of aircraft has already been achieved, since it is too 
costly to re-arrange the wing configuration to produce the correct 
handling characteristics. But since the suspension/steering 
geometry of a car can be altered without much cost, the automotive 
industry prefers to retain the 'seat of the pants' type of 
development policy. It is hoped that this project will help to 
point the way to arriving at a design system whereby the handling 
characteristics will be known. 
The thesis is presented in two parts. part I consists of a review 
of research papers concerned with the modelling of the lateral 
motions of an automobile. This is followed by a description of 
the method for including the lateral flexibilities of suspension 
systems into a three degree of freedom model. The basic model is 
then developed to include the necessary steering and tyre dynamics 
which are then investigated. 
Part II is concerned with the development of a method of assessing 
the handling qualities of an automobile. The relevent research 
papers are reviewed in the introduction to Part II. 
4· 
PART I 
1.1. Review 
When starting a review of the many contributors over the 
past fifty years or more to the study of automobile handling, 
it is difficult to pick out any single work of major 
significance prior to Segel's(1) paper of 1956. However, it 
had been realised by the 1930's that there was a general lack 
of understanding of the nature of vehicle handling 
characteristics, and that if the performance of cars were to 
be improved, these characteristics would have to be analysed •. 
Prior to 1930, the state of the art was as follows :-
The concept of Ackermann steering was introduced, which 
established a common steering point or centre of turning 
thus enabling the first steady state response conditions to 
be calculated. For some time this was all that was known 
about vehicle control. During this period, however, advances 
were made in the knowledge of steering and suspension systems 
from both geometric and dynamic considerations, and also in 
the theory of ride dynamics. The interest in suspension and 
steering systems was generated by competition motoring where 
many handling deficiencleswere noted, but could' not be 
completely eliminated for many years. It should be noted that 
even if the dynamics of the automobile had been understood, a 
complete analysis would have been impossible without the tyre 
slip-angle concept. 
5. 
During this period, in the related field of aircraft stability 
and control, there had been significant advances. A basic 
stability theory had been formulated and substantiated 
experimentally, so that the automobile research effort was 
several years behind that of the aircraft industry. This has 
not proved detrimental to the acceptance and development of 
the automobile, and the aircraft stability theory assisted 
the later researchers in formulating the modern automobile 
handling theories. 
The period from 1930 to the 1939-45 war produced some 
significant advances in automobile engineering research. 
The first independent front suspension was developed by 
General Motors under the direction of Maurice Olley. As a 
result of this, it was noted that for a certain steering 
geometry, when the car rolled, it was unsafe to drive it at 
high speeds, from a handling point of view. This type of 
behaviour was described as "oversteer" and the cause is now 
known as roll oversteer. The work of 01Iey(2) and his 
associates provided a basic understanding of the steady state 
stability characteristics of automobiles, i.e. over/understeer 
and associated roll steer properties, tyre characteristics 
and skid pad testing. As mentioned, tyres were also being 
investigated. EvansO) at Goodyear produced data on cornering 
forces and aligning torques, as did Gough(4), Joy and Hartley(5) 
and many more in both Europe and the U.S.A. The stumbling 
block of the dynamic analysio of automobile lateral motions 
was overcome when the slip angle concept of tyres was advanced 
by Broulhiet, which was the result of an investigation or the 
steering problem. 
The concept relates, for small angles, the slip angle to 
the side force linearly; this concept was later developed 
into a full analysis for the dynamics of pneumatic tyres. 
One of the first major pieces of theoretical research was 
done by Segel(l) in 1956. This work was concerned with 
developing a mathematical model of a pneumatic tyred vehicle 
which would adequately represent the lateral rigid body 
motions of an automobile, and the experimental substantiation 
of this model by full scale tests. The theoretical aspect~ 
of this work will be reviewed in the chapter conc'erning 
mathematical models. The major points from the work were 
that a three degree of freedom model provided an adequate 
representation of the vehicle, assuming tyre lateral forces 
vary linearly with Slip angle, and the vehicle is symmetric 
about its longitudinal centre line. In the analysis, Segel 
makes use of a stability derivative notation to describe the 
eXternal forces, a method used extensively in the aircraft 
industry. To substantiate his theoretical results, Segel 
again uses a technique developed in the aircraft industry, 
the frequency response method. The results of this work 
showed good agreement between the experimental and theoretical 
values with just a few poor values. 
6 . 
The theory was then used to show how the directional stability 
of an automobile is affected by the static margin in the steady 
state, and also showed that an oversteering vehicle can be 
dynamically unstable. 
The limitations on the theoretical work were that only the 
response to fixed control steering could be studied,since 
the steering dynamics were not included, and therefore the 
effects of steering torque could not be studied. 
Ten years after publishing his three degree of freedom 
mathematical model Segel(6) presents a five degree of 
7. 
freedom model. This is the original model plus the steering 
dynamics, which then enables the free control response of an 
automobile to be studied. The theoretical representation of 
the steering system is developed so as to represent as 
realistically as possible the mechanical configuration of a 
steering system of the mid-sixties, which is very similar to 
present systems. The analysis results in two equations of 
motion; one for the hand wheel and the other for the road 
wheels. The latter equation inCludes a non-linear term, 
coulomb friction, which Segel maintains is very important to 
the stability of the free control vehicle. These two equations 
are then added to the previous(l) three equations of motion to 
give the final model. No coupling is assumed between the 
steering and body motions. 
To substantiate this model, time histories of the vehicle 
response to an impulse steering input and-to a step input are 
taken. The results from the analog investigation and the 
experimental work are shown to be in good agreement, the 
theoretical results being better damped and lower natural 
frequency than the experimental results. 
" 
8. 
This is mainly due to the amount of coulomb friction added. 
To complete the numerical analysis of the system, Segel drops 
the coulomb friction term and then calculates the eigenvalues 
of the linear system. An investigation of the effect of 
vehicle parameters on the dynamic characteristics of the 
automobile is then made. 
Segel relies entirely on the coulomb friction in the steering 
system to provide the stable model. This is shown later in 
this thesis to be unnecessary if the steering system and body 
motions are assumed to be coupled and all the small terms 
retained. 
The mathematical model developed by Chiesa and Rinonapoli(7) 
was intended to study the effect of tyre stiffness, both in 
the vertical and lateral direction, on the stability 01· the 
car. The (ll8.in features of the model are the incluGion of 
roll steer, the non-linear relationships between camber angle 
and body roll, non-linear relationships between lateral 
reactions and self-aligning torque versus slip angle, and the 
introduction of traction effects. In addition to these 
features, the lateral and vertical flexibilities of the tyres 
as mentioned above. 
The characteristics of the vehicle are studied by observing 
its response to some selected manoeuvres. The manoeuvres 
being selected to repr'esent on the road tyre test eonciib.ons. 
The test coni"l.gurationG are a u-tc:::t, circular tu ::Lraighl. 
line motion; E-test, straight to eircular moLion; and the 
s-test which is typified by a long lane change manoeuvre. 
• 
The main conclusions were tha.t an increase in the cornering 
stiffness of a tyre considerably affects the behaviour of 
9. 
the vehicle. Generally, these effects are improvements, but 
some are negative. The frequency of oscillation of the vehicle 
generally increased, and damping may reduce. The effect of 
increasing the lateral elastic rigidity produces more modest 
effects, but these are always positiv~, noticably in increasing 
the damping of the vehicle oscillations in ya". The tyre 
manufacturer can therefore increase th(~ cornering stif fne",; 
of the tyre to obtain the good effects if he also increa8':s 
the lateral rigidity to damp out the higher frequencies of 
oscillation which result. 
The method of including the lateral rigidity of the tyres 
neglecting the non-linear effect due tc' the variations in 
vertical load, is mathematically consistent with the first 
order lag representation used in this thesis. A di8cussion 
of this is included in Chapter 3. 
The work done by Mitschke and Strackerjan(8) was intended to 
show how closely a mathematical model represents the motions 
of a real vehicle. The work therefore involved extensive 
experimentation and theoretical verification. The testing was 
done using a slalom motion commonly referred to as the 
frequency response technique, thus enabling the theoretical 
results to be compared directly. 
The substitution model developed includes the three body 
motions of yaw, sideslip, and roll, and the external force 
derivatives include the effects of roll steer, roll camber 
and the elasticities of steering and axles. This was the 
first paper found in literature surveys which included the 
suspension flexibility effects, and it is of interest to 
note that a similar approach is used to that proposed later 
in this thesis. The method used by Mitschke complicates the 
method by the introduction of flexibilities for parte; o.f the 
suspension system, whereas a lumped parameter is more easily 
measured and does not complicate the problem unnecessarily. 
In the resulting computational work, some of these parameters 
are dropped, and indeed, the flexibility effects of the rear 
axle are ignored, since their effects appear to be small. It 
will be shown later, however, that these effects are very 
important and should be included. The lateral flexibilities 
of the tested vehicles were measured,.. but the method used is 
not described fully. 
10. 
The results show that there is some good correlation between 
theory and experimental results, although there is considerable 
disagreement. The agreement is closest for low frequencies and . 
lower lateral accelerations. Within the range 0 - 0.6 Hz 
correlation between amplitude ratios is very good, and between 
phase shifts, tolerably good. The agreement depends very much 
on the sophistication of the model and the input data. The 
inclusion of the roll mode having a deci:;lve erree!. on th,,· 
rc::ult:-:. The tyre Jorcc eo<.!ITiei.l:rtL:: arid ela:;ti.c.i.l.jl::: ui" 
~:U:~Jlen:-:.iul1 and. :.;t<":f:I':i.Cl~ al.:.;() havt; an i.llrlul:w;(;. 
11 . 
The effects of compliance in the steering and suspension 
systems of modern American cars has been studied by Bergman(9). 
Besides the effects of flexibility, due to the overall slip 
angle deflection steer, Bergman considers the effects on the 
roll axis and introduces the concept of the kinematic roll 
axis, besides the conventional design roll axis. The effects 
of various design parameters on the understeer of a vehicle 
expressed as a percentage of total understeer are shown. This 
shows that rear axle steer and steering compliance are two of 
the design parameters which have considerable effect on the 
vehicle understeer. 
The effects of suspension flexibility on the roll axis are due 
to a change in the instantaneous roll centres at both the 
front and rear "axles". This is due to the deflections of 
the suspension and tyres. This flexibility is primarily in 
the vertical direction, which has not been considered in the 
present programme of work. 
The flexibility of the suspension and steering systems were 
measured by Bergman using an elaborate system of dial indicators. 
The indicators were placed so as to measure the deflections of 
each component of the steering system under load, the largest 
source of compliance loss being due·to the steering gear. 
The paper does not give any results of dynamic considerations, 
but is purely interested in the effects of compliance on the 
vehicle's understeering/oversteering propertiec. 
12. 
The mathematical model developed by Nordeen(10) is for a 
vehicle with an inclined roll axis constrained between the 
sprung and unsprung masses. The model also includes roll 
steer and roll effects on the suspension geometry, compliance 
steer and compliance camber terms. There is provision for the 
inclusion of non-linear terms, e.g. variable speed non-linear 
equations which take into account the load transfer, and 
non-linear tyre force and moment terms. 
The compliance terms are included in a similar way to that 
of Mitschke,and in this thesis. The deflection is given by 
the product of a coefficient and the forcing term. The 
deflections produced being included in the· slip angle term. 
Nordeen also includes a rigorous method of determing the 
forces acting on the suspension system, including the inerLia 
effects. These effects can be ignored for the aligning torque, 
but the lateral force acting·on the suspension is 10 to 15% 
less than the tyre force due to the inertia forces on the 
unsprung mass. Taking into account these effects, results in a 
set of non-linear equations. 
The model having been developed, is not used to show the· effects 
of parameter variation on the characteristics of an automobile; 
it is intended purely as a design tool, the complexity of which 
can be readily altered. Many effects, other than tliore menti';med 
above, are dealt with rigorously with a simplified method also 
suggested. 
An interesting seven degree of freedom model is developed in 
a paper by Kokno, Tsuchiya and Komoda of Toyota Motor Co. 
Ltd.(ll). The degrees of freedom considered are due to the 
steering system, two degrees, two degrees of freedom in the 
yawing motion of the body, two degrees of freedom in the 
lateral motion, and one degree for the rolling motion. In 
the model, the lateral rigidity of both tyres and suspension 
system are considered, and coulomb friction is included as a 
non-linear element in the steering system in a similar way 
to Segel( 6) • 
13. 
Due to the non-linear element, the set >of differential equations 
must be solved using the Runge-Kutta method. The transfer 
functions were then obtained by analysing the curves of the 
indicial response. The calculated results were then compared 
with experimental results using the frequency response method 
of testing. The results are in quite good agreement at low 
speed, but disagree more noticeably as speed increases. 
The theory behind the study of automobile stability and control 
owes much of its origins to the aircraft industry, as has been 
previously mentioned. The idea of the variable stability 
automobile is yet another example of following the methodologies 
developed by the aircraft industry. The variable> stability 
car was designed and built by Cornell Aeronautical Laboratory 
for General Motors, but unfortunately, there is little 
published data on its use, except for one paper by Bundorf( 12). 
In this paper, Bundorf describes 'some tests using the variable 
stability vehicle in three different configurations, under-
steering,less understeering with a short rise time and a 
vehicle with only slight understeer characteristics. Some 
drivers then drive the car in its different configurations 
along a 'chosen' random course, and the driver perfomance 
is rated by the number of cones moved; the cones defining 
the course. The conclusions drawn from the tests are that 
the subjective opinion and the experimentally assessed 
performance differed, and is probably due to the great 
adaptability of the human operator. The third configuration, 
above, was the least desirable, but the first two could not 
really be separated. 
The variable stability vehicle is perhaps the best tool 
available to the researcher to try to obtain some method of 
qualitatively assessing vehicle handling, or to give some 
clues as to the important dynamic characteristics .of a 
vehicle from the driver's point of view. 
The transient behaviour of automobiles was the subject of a 
M.I.R.A. investigation by Barter and Little(13). This work 
was concerned with obtaining experimentally, frequency 
response curves for different vehicles, and then fitting the 
best fit transfer function curves to obtain the transfer 
function of the vehicle,and thus its natural frequencies 
and damping ratios. 
From this work it was shown that the frequency response of 
vehicles,which have a linear response to handwheel input is 
in agreement with the theoretically predicted response. The 
results of frequency and damping are correlated against some 
results from aircraft handling studies (14) and show that 
the damping ratio of all the vehicles lie within a "good" 
region, but aircraft results cannot be applied directly to 
cars. The work also shows that the frequency response curves 
are similar in shape, and that if this technique were to be 
used as a method of assessing veh:Lcle handling 'l.ualities, 
then very careful analysis would be required. 
1.2. Philosophy of the Approach 
Digital or Analogue Methods of Analysis? 
Before commencing the analysis of the lateral motions of an 
automobile, a decision had to be made whether the methods of 
analysis would lend themselves best to digital or analogue 
computational methods. From the outset, the aim was to 
obtain a linear mathematical model which would adequately 
represent the lateral motions of an automobile so that, 
either digital or analogue methods would be suitable. 
This being the case, the method of analysis or the 
mathematical techniques to be used, must be looked at more 
closely to see how the vehicle characteristics are to be 
compared. Using an analogue computer to obtain the 
solution, results in time histories of the response to 
applied steering stimuli. To compare one vehicle 
configuration with another would then involve computing the 
vehicle characteristics from the time history, ego natural 
frequency, damping ratio, rise time, etc. By using digital 
methods, the eigenvalues and eigenvectors of the system can 
16. 
be computed, thus giving the frequency and damping associuted 
with various vehicles directly. Having set up th'e' system 
matrices to solve the dynamics problem, the steady state 
solution can be easily obtained by setting all the derivatives 
with respect to time to zero and solving the resulting 
equations. The frequency response of the vehicle can be 
similarly found from the system matrix equations. From the 
above considerations, the digital methods of analysis were 
chosen and used throughout the entire project. 
Linear or Non-Linear Simulation? 
In the last section, it was stated that a linear mathematical 
model was to be developed; it is now perhaps worth looking 
at the reasons for this early decision. 
From a brief survey of the literature available at that time, 
the evidence showed that satisfactory results had been 
obtained by using linear models. In fact, most of the 
17. 
notable work had concentrated on simple linear representations 
of what is obviously a series of interconnected non-linear 
sub-systems. For example, the tyres and suspension systems 
respond in a non-linear manner to some forms of external 
stimuli, as does the steering system. But even taking these 
factors into account, an accurate simulation of the practical 
system can be realised provided certain constraints are placed 
on the use of the model. The constraints which must be placed 
on the system will be described later in Chapter 3. 
Another factor in favour of the linear· approximations is that, 
as was stated in the introduction, the object of this work is 
to compare the results of various models by successively 
increasing the complexity. B,y introducing non-linearities, 
the system is immediately quite complex and the methods of 
analysis more restrictive. Having given these reasons, it 
should be stated that a brief excursion into non-linear 
modelling was attempted to try to overcome the difficulties 
encountered when introducing the steering dynamics into the 
model; however, "the problem wu:; I'(:::o.!.vod by u:..::i.ng Ij.llt::.tr 
mc:thuds. 
2. The Three Degree of Freedom Model 
2.1. Introduction 
The first part of the project is concerned with the 
development of a stable linear free control mathematical 
model of an automobile. In order that a model can be 
developed, it is necessary to define and investigate an 
ini tial model. 
The mathematical model chosen for the initial study i,; the 
three degree of freedom model proposed by Hale:o( 15). Thb 
model, however, has certain limitations with respect to 
the work to be presented here, (namely suspension 
flexibilities, tyre and steering dynamics are ignored). 
It is with these limitations in mind that the basic model 
is described in the remainder of this section. 
18. 
19. 
2.2. The Mathematical Model' 
The axis system used to define the motion of the vehicle is 
the conventional right hand system Fig. 2.1 and we consider 
perturbations from straight line motion, assuming that the 
centre of gravity is located on the median plane, so that 
lateral motion is symmetric about the datum position. The 
three motions considered are sideslip, roll, and yaw. The 
equations which define these motions can now be written down 
by conSidering the rates of change of linear and angular 
momentum and equating these to the applied external forces 
and moments 
mCv + Ur) y (lateral motion) (2.2.1.) 
L (rolling motion) (2.2.2.) 
et N (yawing motion) (2.2.3.) 
To maintain a linear model, it can be assumed that Y, L, N 
the externally applied force and moments, are linear functions 
of the variables v '" .l r , '1', '1', and the steer angle 0 , which 
is in effect the disturbance to the system. Hence in derivative 
notation, the equations may be written as :-
(2.2.4. ) 
(2.2.5.) 
( • > • > ' ) ( .. , .". 
1 
1 
1 
1 
r 
VEHICLE AXIS SySTU! 
FIG. 2.1. 
1 
1 
1 
1 
1 
1 
1 
1 
1 
i:i 1 
. 1 
I 
Segel(1) used this method and notation, but at this point 
found difficulties in defining the external force derivatives 
and so moved the horizontal reference axis to the inclined 
roll axis. It is, however, possible to specify all the force 
derivatives as shown by Hales(15). The external force 
derivatives must now be defined and it will be seen that 
these must be functions of forces and moments produced at 
the tyre ground interface, since no other external forces are 
applied to the vehicle, neglecting aerodynamic forces in this 
case. 
For the three degree of freedom model, the generation of the 
lateral forces by the pneumatic tyres is assumed instantaneous 
and therefore depends only on the slip angle and camber angle. 
For small perturbations the variations in vertical load are 
assumed neglegible and can therefore be ignored. The lateral 
tyre force can now be written down as :-
or 
y 
y 
(2.2.7.) 
(2.2.8.) 
where CyandCe are the slopes of the graphs relating lateral 
tyre force to slip angle and camber angle respectively. The 
relationships are assumed linear.within the region under 
consideration. The linearity of the mathematical models is 
discussed in 3.5. where it is shown that the tyre force, 
Sideslip relationship can be considered linear up to O.3g 
lateral acceleration, and even beyond this in some ca~es. 
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The problem of determining the external force derivatives 
is now reduced to that of determining the relationship 
between the independant variables v, r, <p, ~ and 0 
and the tyre variables y and 8 Consider the forces 
produced by the slip angle, for the front tyres the slip 
angle is given by the difference between the total angle 
through which the wheel is deflected by steer effects, and 
the induced 'slip' angle due to lateral velocity at the wheel. 
For the front wheels the lateral velocity at the wheel is :-
ay I • 
+ F <p (2.2.9.) 
3<p 
where is the rate of scrub of thc tyrn due to roll. 
Therefore, the angular deflection of the tyre due to this 
lateral velocity is :~ 
v + 
U 
. 
1 
(2.2.10.) 
u 
The angle through which the .wheel is steered is :-
+ (2.2.11.) 
is the roll steer coefficient. 
Therefore the sliP. angle at the front wheels is given by .-
(2.2.12.) 
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Similarly. for the rear wheels, except the total steer angle 
is now due ·'only to the roll steer effects :-
+ 
. 
.P. (2.2.1).) 
u --
U 
The c~angle at both the front and rear wheels is 
produced solely by the roll of the vehicle, 
i.e. SF = 'cpl o F 
a;p 
cp 
(2.2.14.) 
SR = acplR cp 
a;p (2.2.15. ) 
where acplF and acplR can be thought of as the effective 
--~q;- a 
gear ratio between rO\l and camber angles. 
Now that the slip and camber angles have been exprepsed in 
terms of the independant variables, the lateral tyre forces 
can be written down by substituting for y and B in 
equation (2.2.8.) 
(2.2.16.) 
. ] . + aY R' .p. - aeF cp + 
a;p U acp --u 
Having drived the lateral tyre force equations, the external 
momenta acting about the roll and yaw axes can be obtained by 
taking moments about the c.g. in the case of the yaw motion, 
and about the roll axis. 
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Two other terms appear in the roll equation other than the 
moments due to the tyre forces. These are the roll damping 
and roll stiffness terms, due to the damping and stiffness 
in the suspension system, which help to restore the vehicle 
body to its equilibrium position. 
The final equations for the three degree of freedom model 
expressed in derivative notation are as given in equations 
2.2.4. to 2.2.6. and the equations for the derivatives are 
given in Appendix A.l. 
The dynamics of the mathematical models will be examined by 
calculating the eigenvalues and eigenvectors of the system, 
the description of the computer program· which calculates 
the roots and vectors follows. The eigenvalues give the 
natural response of the system, i.e. the response of the 
system after it has been excited in some way. In the case of 
the automobile, the excitation could be due to the steering, 
road irregularities or wind effects. The eigenvalues are 
therefore the poles of the system, using control terminology, 
and the locus of the eigenvalues, as the forward velocity of the 
vehicle increases, is the root locus, again using control 
terminology. This will be the way the results of the dynamic 
response of the .vehicle will be presented. 
The program to compute the eigenvalues requires that the 
equations be expressed in the matrix form, i.e. 
+ !!x = o 
The matrices !l and ~ for the three degree of freedom 
model described here and the models developed later, are 
given in section 3.4. 
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2.3. Computer Program to Calculate Eigenvalues and Eigenvectors 
. , The eigenvalues of a set of differential equations are g~ven 
by the solution of the general matrix equation 
A AV = 0 
which is derived in Appendix A2. The eigenvalues of a 
dynamic system can now be found relatively easily, using a 
standard set of computer software. The original algorithms 
and programs for the solution of the general eigenvalue 
problem were written by Wilkinson and others. The particular 
set of subroutines used for the solutions in this case are 
partly the programmed algorithms of Reference 43, which were 
ELMHES and ELMBACK, and partly subroutines which as yet are 
unpublished. These updated versions have been translated 
into FORTRAN from the original ALGOL by Hales (Ref. 20). The 
package of subroutines are written so that a MASTER program is 
required to set up the A and B matrix coefficients and to read 
in data. This MASTER must then call a subroutine HFEVV which 
then calls each of the requisite subroutines. The specific 
operations of each subroutine are as follows :-
1 ) 
2) 
3) 
- 1 Inverts a matrix (A -+ A ) 
. Multiplies two matrices to give a negative 
result (Forms matrix D in Appendix A2) 
Balances a matrix 
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4) Forms an upper Hessenberg matrix 
5) Evaluates the eigenvalues and eigenvectors 
of the upper Hessenberg matrix 
6) Prints the eigenvalues 
7) Evaluates the eigenvectors of the balanced matrix 
8) Evaluates the eigenvectors of the original matrix 
9) Prints the eigenvectors 
A listing of the MASTER program is given in Appendix A6, 
and the nomenclature for the programs is given in Appendix AG. 
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3. Development of the Model 
Introduction 
The three degree of freedom model previously described has 
certain limitations, as mentioned. The three degrees of 
freedom considered are the three body motions yaw, sideslip 
and roll. The effects of tyre dynamics and steering dynamics 
. are ignored, but because the flexibilities of the suspension 
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system are to be investigated, a model must be developed which 
takes into account both the tyre and steering flexibilities, 
so that the effects of suspension flexibility can be isolated . 
. This can be done by including the tyre dynamics and stcerinlO 
dynamics. The model is therefore now developed to include 
both the tyre and steering dynamics after the method of 
including the suspension flexibilities is described. 
The lateral flexibility of suspension systems arises since 
suspensions are generally mounted to the body via flexible 
rubber mounting units. This is done to try to isolate the 
body shell from road and tyre vibrations which are not 
'filtered' by the vertical flexibilities of the suspension, 
and would therefore be transmitted to the body through the 
suspension struts. These flexible mounting units therefore 
contribute to the lateral flexibility, together with the 
flexibility of the struts themselves. 
The importance of including these effects has recently been 
recognised by several other researchers (8·, 9, 10, 11), but 
the work of these people was not available until after the 
method developed here was in operation. 
3.1. The Inclusion of the Lateral Flexibilities of 
Suspension Systems 
The generated tyre forces described previously act on the 
suspension system, being transmitted through the tyre and 
wheel, and ultimately apply a load to the flexible suspension 
mountings. Under load, these flexible mounting~ and indeed 
the suspension struts themselves, to a certain extent, will 
be .deformed, and depending upon the lir..e of action of the 
applied load, may produce geometric changes to the suspension 
system. Consider, for example, a double wishbone type 
suspension system, Fig. 3.1. The tyre force is generated at 
a point behind the axis of rotation of the wheel; this is 
due to mechanical and pneumatic trail. Therefore, in the 
horizontal plane a moment is applied to the suspension system 
and depending on the flexibilities of the mountings, this 
will produce a steer angle oy ' Fig. 3.1(,,). Similarly, the 
tyre force applies a moment to the suspension system in the 
vertical plane, which again deforms the flexible mountings, 
but in this instance produces a change in camber angle R y 
Fig. 3.1 (b). There are, therefore, two more terms which 
affect the slip and camber angles respectively. The equation 
for the front and rear tyre forces now becomes :-
YF = eYF [ v + XFr + aY , i - ao ct> - <I - <I 1 F u --.£ YF u u 
act> act> 
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+ CRF [ act>~~ ct> + r\F] (.i.1.1.) 
and YR = CYR [ * + XRr + ;IY RI . dO liyRJ 1 _F rp u aq, u act> 
+ cSR [ act>'R ct> + SYR] 
(3.1.2.) 
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There are now four new variables, 0YF' 0YR' S YF' 
and S YR which are of no real interest when considering 
vehicle handling. It is therefore desirable to express 
these variables in terms of the independent variables of 
the vehicle. 
The angular deflections of the suspension system are due to 
the lateral tyre forces; it can therefore be assumed that 
the angular deflections are proportional to the lateral 
tyre forces, see Fig. 3.2. The relationships will only be 
linear over a certain range of lateral acceleration, probably 
to about O.3g, (see Section 3.5), but since there is little 
published data concerning the lateral flexibilities of 
suspension systems, linear relationships have been assumed 
to be representative. The slopes of these graphs will be 
the required flexibilities in steer and·camber of the 
suspension system. 
Therefore 
cSYF,R ; ~cSYF,R (3.1.3.) 
aYR,R 
; (3.1.4.) 
d YF ,R 
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and substituting for cSY F R and BY F R into equation (3.1.1.) , , 
gives :-
[ V 1 Yp ; CyF + XF T + ClY F I ! -ClcS cp -cS - dO YF Yp J u F U ~II ar ~YI' 
CS p [ acpl cp ClSY Ye] + F + ~ F dYF 
0·1.5.) 
Rearranging equation (3. 1.5.) so that all terms in Y are 
. F 
collected together 
[, < <loYF - <lBYF 1 
CyF[C< I ~ YF = xFr + <lYF -
<lY F 'a""Yf -- ~ u u 
- -(3.1.6.) 
--
~ 
u u 
-0·1.7.) 
Yp C, ,[, < X F' < aY ' • <lop q, oJ or: = ~ - -F u -- P 
u ---ar u ar (3.1.8.) 
where :-
Cy .1 
P 
CB 1 p 
+ BF 
1 
= 
= 
<lq,' 
<lq, 
- - -
P q, 
) 
- - - - 0.1.9.) 
_ <lByp 
Hp . 
- - - 0·1.10.) 
32. 
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and similarly for the rear tyre forces, the following result 
is obtained :-
YR ; ey , [ " R u 
+ CI3 1 R 
where :-
C 13 1 R 
; 
; 
+ 
XRT 
+ 
aY R i oOR ,] ar ar u u 
- (3.1.11.) 
- (3.1.12.) 
__ (3.1.13.) 
Ths inclusion of the effects of lateral suspension flexibility 
into the equations of motion modifies the slip angle and 
camber angle tyre force coefficients. Thus the apparently 
complex effects of lateral flexibilities of suspension systems 
can, in fact, be quite simply incorporated into the equation~ . 
when they are developed in the way described. 
3.2. Dynamic Characteristics of the Tyre Forces 
Tyre Theories 
The main purpose of the pneumatic tyre in controlling the 
vehicle motion rests upon its ability to generate desired 
lateral forces and moments when rolling at a slip angle. 
The slip angle concept has been previously discussed 
(Section 2.2.), where it was stated that the slip angle 
depends upon several factors. Among the many variables 
associated with the pneumatic tyre are the inflation 
pressure, vertical load, lateral and logitudinal and radial 
stiffness, design of tyre, i.e. crossply or. radial, without 
considering the variations due to manufacturing difficulties. 
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An analysis of the dynamics of the tyre therefore presents a 
formidable task, and is outside the scope of the present work. 
References 16, 24, 25, 26, 27 provide a list of the more notable 
works in this field. 
In stating that a complete mathematical representation of 
tyre dynamics is not. possible, it is important to note the 
many variables assumed constant, or ignored, when evaluating 
the final results of this mathematical model. Since a part 
of this work is concerned with the lateral flexibilities of 
suspension systems, and the tyre is a primary component of 
the suspension, then some account should be taken of the 
tyre dynamics with respect to the lag in the build up·of 
the lateral tyre forces. ' This lag can be accounted for in 
two ways; either by the lateral flexibility eiTects, or by 
the relaxation length method. 130Lh methods an: d1.:J~Il:;:,,:d 
below. 
Lateral Flexibility of Tyres 
This approach has bee:! adopted by several researchers 
recently, notably Chiesa and Rinonapoli(7), with a more 
recent an~lysis of the problem by Savkoor(17). The method 
proposes that the relative sideslip angle which produces 
the lateral tyre force is balanced by the elastic force 
produced between the tyre and wheel rim, see Fig. 3.3.(p·41) 
Consider a simple two degree of freedom model, then slip 
angle (y) is given by :-
y 
= 
v + XFr 
u 
(3.2.1.) 
Introducing the lateral displacement of the tyre relative 
to the rim (y)means that the rate of change of this 
displacement will affect the slip angle. 
y = v + (3.2.2.) 
u 
Then the force produced by this slip angle is balance by the 
elastic force produced by the tyre, 
i.e. = (3.2.3.) 
where KT is the lateral flexibility of the tyre. 
Equations (3.2.2.) and (3.2.3.) can be combined and re-written 
as shown below :-
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A standard first order differential equation with a standard 
solution of the form 
Y 
-Kct 
Yo (l- e ) 
1 
This gives the characteristic time constantLKc) 
0·2.5.)' 
The above 
solution;, of course, depends on knowing v and r at any 
instant in time. 
The method described here provides linear equations, but doe" 
not include the effects of variation in vertical load, as 
described in reference 7. The method could therefore be 
used in the development of a set of linear equations 
describing automobile lateral motions. 
, 
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Relaxation Length 
The more traditional approach to the dynamic response of 
pneumatic tyres has beEn to start with the experimentally 
proven fact that for a yawed-rolling tyre the lateral 
force builds up exponentially to a steady state value. In 
order to define some parameter which would indicate the 
dynamic characteristics of the tyre, the dist8~ce which the 
tyre has to roll before it is within 1/ e of the steady state 
value has been adopted. This distance is known as the 
relaxation length of the tyre. The response of the tyre 
force is therefore given by :-
Y = (3.2.6.) 
where 1/ f = relaxation length of the tyre. 
The above equation is not in a suitable form for inclusion 
into a set of time dependent differential equations. 
Therefore, differentiating equation (3.2.6.) and manipulating 
dY/dX + 9.y = 9.y . '0 (3.2.7.) 
and multiplying through by dX/dt (forward velocity) 
y + = (3.2.8.) 
where Yo is the steady state value of the lateral tyre 
eq ua tiul1 2. 2. 16. ) . 
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The expressions for the front and rear tyre forces are then 
given by :-
+ = (3.2.9.) 
+ = (3.2.10.) 
Empirical formulae have been developed by Smiley( 1~ which 
can be used to obtain a value of the relaxation length of 
a tyre (see Appendix A3 ). 
The method chosen to describe the dynamic response of the 
tyres is the relaxation length approach. From the previous 
paragraphs, however, it has been shown that the two methods 
are mathematically identical, Le. both can be represented 
by first order differential equations, although the constants 
will be different; therefore, either method will yield the 
same overall results when included in the final model. The 
relaxation method having been used for some time, ho>/ever, 
means that there is more available tyre data than for the 
constants required for the flexibility method. 
3(3. 
3.3. Steering Dynamics 
3.3.1. Introduction 
There are three different types of input to the car, 
which are: the steering, road irregularities, and wind 
or other aerodynamic types of input. The problem then 
facing the driver is how does he control the car. The 
human driver in fact responds to this difficult situation 
by controlling the vehicle by steering wheel displacement 
and he also obtains a 'feel' for the types of input, and 
responds with steering corrections accordingly. To 
analyse this complex situation mathematically would 
indeed be complex, so that the approach adopted is to 
consider each type of steering control separately. 
The response characteristics of the vehicle associated 
with fixed steering wheel control are termed the "fixed 
control" characteristics; a term which owes its origins 
to aeronautical practice. On the other hand, the response 
due to the feel of the driver, i.e. the feel produced by 
the steering torque, can be thought of as being ·associated 
with the steering wheel being free. The response is 
therefore known as the "free control" response of the 
automobile. 
Having defined the driver control action as two separate 
controlling functions, the fixed control case could be 
studied by considering the ~teering input applied at the 
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road wheel" and as"urning the st,(!(!cing "y:;t.,m to· I", inJ"1ni.t,dy 
::;tl1"r, i.c. t.he: muUcl PCl!V ifJlJ:;J.'I f:r)u:,: i.dl!roc:u (:,J. i'.) 
This is a reasonable approximation, but it does, however, 
ignore steering variations due to the rolling of the 
automobile caused by the kinematics of the steering 
linkages, and the flexibility of the steering system. 
The approximation also results in the neglect of some 
other torques acting on the system, such as the gyroscopic 
couple acting on the road wheels. The loss of accuracy, 
or perhaps better stated as the difference in results 
between the approximated front wheel input model and hand 
wheel input model will be considered. 
The free control model is investigated separately, but the 
necessary steering dynamics to study both the fixed control 
and free control models are considered in this section. 
The steering system of the modern automobile can be reduced 
in its simplest form to a series of masses, stiffnesses 
and mechanical friction, which for the linear model 
40. 
considered here is viscous friction. The system is shown 
diagramatically in Fig. 3.4 and schematically in Fig. 3.S·(p.4S) 
The problem then reduces to obtaining two differential 
equations for a two degree of freedom spring mass damper 
system coupled by gearing. The derived equations must be 
referred to the motions of the road wheels; therefore the 
effects of the gearing on the displacements and torques 
transmitted· must take account of this. The non-linearity 
due to the variable efficiency of the steering gearbox is 
ignored and the effects of coulomb friction a150 ienorcd. 
The method is utherwise s imi Lar tu tha t pro/,0~<.:d by 
Segel(6) . 
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3.3.2. A Nodel of the Steering System 
The mathematical model is developed by considering the 
inertia reactions,and torque balances about each section 
of the simplified system shown schematicaHy in Fig. 3.S.(p.4S) 
The subsections considered individually are :-
(i) Steering wheel (hand) and steering column. 
The inertia reaction of the hand wheel equated 
to the applied external torques gives 
I .. 
etet 
(3.3.1.) 
(ii) Steering column displacement and pitman shaft 
displacement. 
Assuming a constant steering gearbox ratio, then :-
= (3.3.2.) 
Associated torque balance about the steering 
gearbox 
(iii) Steering Linkage - front wheel displacement 
(3.3.4. ) 
Equating the external torques acting on the front wheels and 
the inertia reaction gives :-
(3.3.5.) 
where H is the total kingpin torque 
+ Hcpcp + (3.3.6.) 
These terms are explained later. 
EquatioIE (3.3.1.) to 0.3.5.) are reduced to two equations 
in terms of a and 0 by the elimination of the intermediate 
variables 0 se' 0ps and 0 SL The final equations are 
simplified by computing the overall stiffness of the 
steering system which is given by 
1 
(G.R)2 Ks e 
+ 1 
NLlKSL 
(3.).7.) 
where GR = NGNL the overall gear ratio of the system. 
The overall stiffness is the sum of the two compliances in 
series, therefore 
(GR)2·Kse KSL 
KSL + NG 2 Kse 
(3.3.8.) 
The final equations can now be written as :-
I I (ii I ) = MI + KSS (o-a l ) _oaF KSS cp (3.3.9.) a ar 
and la (0 + r) 
= KSS (a 1_ cS) + oOF KSS cp ar 
+ H + H· 6 0 (3.).10. ) 
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where la l ; (G.R)2l a 
a l ; " a 
GR 0·3.11.) 
Tl ; (GR)T 
The dashed terms now represent the handwheel inertia, 
displacement and torque referred to the road wheels. 
The schematic representation of Fig. 3.5 has now been 
reduced by a series of approximations to that ShO~1 in 
Fig. 3.6. The system modelled is now a good approximation 
to the hardware, and provides a simplified analysis of the 
system: 
External Torques on the Road Wheels 
The external torques acting on the road wheels are "as 
given in equation (3.3.6.), i.e. 
H ; + 0.3.12.) 
The term Hy y is the torque due to the self-alif,'Iling 
moment of the tyre, i.e. the effect of the lateral tyre 
force being displaced from the axis of rotation of the 
wheel. This displacement is due to the pneumatic and 
mechanical trails. The pneumatic trail is the distance 
from the centre of the tyre footprint area to a vertical 
line drawn through the centre of the tyre. This distance 
is always negative and a method of calculating this 
distance is given in Appendix ":S. 
44. 
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The mechanical trail is again a negative distance and is due 
to the geometry of the suspension-steering system. The main 
contributors to the mechanical trail are the castor angle and 
kingpin inclination. The castor angle is purposely designed 
into the system to produce the self centring action of the 
front wheels, whereas the kingpin inclination is chosen to 
produce the most efficient steering system. The calculation 
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of the mechanical trail is well documented (16, 23) and so will 
not be presented here. 
Let the total trail at the front wheels be given by Xp ' 
= x 0·3.13.) 
The term Hq, q, is the torque about the kingpin due to the 
camber thrust. This term, as with the previous term, is 
given by 
0.3.14.) 
i.e. the product of the lateral thrust and the total trail 
of the front tyre and suspension. 
The last term Hpp is perhaps the more interesting. This is 
the aligning torque which acts on the front wheels due to a 
gyroscopic couple. The couple is the result of the cambering 
or rolling of the rotating wheel, which therefore acts on 
both front wheels. When considering the couples acting on 
the wheel there is also a couple which acts on the car body 
due to the yawing motion of the rotating front wheels. The 
analysis which results in the magnitude and direction of the 
couples is given below. 
Consider the front wheel assemblies and tyres to be one 
inertia, then a frame of reference can be assigned to the 
body, and its motions about the three axes x., y, z, 
.are [l, ri, r' all defined as positive by the usual 
definition for a right hand set of axes, see Fig. 3.7·(p.s0 
The only constraint on the system is that :-
rI < ° and is a constant velocity, i. e. 0. = 0 
and r' is given by 
r' = r + li (3.3.15.) 
The body moves, therefore the frame has an angular velocity 
given by the vector 
(~, 0, r) 
The angular velocity of the body is given by the vector 
(8, n, r') 
Therefore, the angular momentum of the body If is given by 
(3.3.16. ) 
where Io is the moment of interia of front wheels and tyres 
lop is the polar moment of inertia of the front wheels 
and tyres. 
The applied moments about each of the axes are given by 
L, M, N dHj = dt L M N , , 
(3.3.17. ) 
respectively. 
Where dH 3H + wJ\H (It = at (3.).18.) 
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On neglecting all second order and higher order terms of 
the vector multiplication 
L = -I nrl + 10 8 op 
(3.3.19.) 
M = 0 
N = lop n· 8 + 
I . 1 
or 
In the analysis It has been taken to be positive, but is 
in fact, negative; therefore, re-writing the equations and 
substituting for r 1 we have 
(3.3.20. ) 
(3.3.21. ) 
From the above equations it follows that the final equations 
for the steering dynamics are as given in equation (3.2.11.), 
where the external torque on the wheels is given by· H can 
now be written as 
H (3.3.22.) 
Y FT is the sum of the front lateral tyre forces due to slip 
angle and camber thrust. 
The gyroscopic couple which acts in the same direction as 
the camber of the wheel must be resisted by the inertia 
due to the rolling of the vehicle." This couple should 
therefore be included into the roll equation. 
3.3.3. The Coupling of Body Modes and Steering Dynamics 
Having derived the equations of motions to describe 
the dynamics of the body motions and steering system, 
the two sets of equ~tions are usually combined to give 
a free control model of an automobile. This, however, 
results in an unstable mode of response above 23 m/s. 
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This instability has been previously overcome by the 
introduction of coulomb friction into the steering equations, 
thus making the equations non-linear. This method of 
overcoming the instability seems to be obvious, since many 
non-linearities in both the steering and body dynamics are 
ignored, however the inclusion of just one fairly small 
non-linear term appears to give the automobile designer a 
rather critical region within which to de·sign a stable car. 
If, for example, the coulomb friction was not sufficiently 
large, or decreased as the steering components became worn; 
then the result would be an unstable car. This, of course, 
is not the case, and the automobile is intrinsically a 
stable dynamic system. The inclusion ofa small non-linear 
element must therefore be considered to be the easy way of 
solving the problem, and in fact, there should be an 
alternative approach so that a linear stable free control 
model is produced. 
In previous work done on this problem, notably that of 
Segel(6), it appears that the unstable free control mode 
can be stabilised by making the front wheel aligning 
stiffness sufficiently large; this suggests that the 
difficulty of deriving a set of linear stable equations 
lies in the geometry of the steering system. After 
considerable work on this problem, it was decided to try 
to couple the steering equations back into the body 
equations by considering the automobile to be a special 
form of articulated vehicle, Rales (19). This is a valid 
approximation to the body/steering relationship, since the. 
front wheels can be a.ssumed to pivot about a central point 
which is either in front of, or behind, the centre of 
gravity of the wheel assemblies, depending on the geometry 
of the steering system. The yawing motions of the body and 
steering system then become independant of one another in 
so much as .the lateral tyre forces of the front and rear 
wheels act on the front wheels and body respectively, which 
now pivot relative to one another. The system is now as 
shown in Fig. 3. 8, where m 1 and Clare the mas s and yaw 
inertia of the body and m2 and C2 the mass and yaw inertia 
of the front wheel assemblies. The yaw motion of the total 
system is now considered to be about the pivot point. 
The analysis which follows, leads to the derivation of the 
equations of motion, for the system described above, both 
in yaw and sideslip. 
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The motions of the two masses are defined by the moving 
axis systems (i}, j 1, k 1 ) and (h, j 2, k 2) located at 
the centres of gravity of the two masses. The motion of 
mass ID2 is considered to be the same as that of mass ID} 
with the addition of an angular velocity ~ re:.ative to ID 1 
about the pivot point. The velocities of both masses are 
shown in Fig. 3.9, and the system of forces in Fig. 3.10. 
The forward velocity of the vehicle, u ,is assumed 
constant with time. 
The equations of motion are then obtained by equating the 
rates of change of linear and angular momenta to the sum or 
the applied external rorces and moments respectively for 
each mass. The two governing equations are, in vector 
notation 
N.B. 
X2 X2} 
F' 
Forces acting in the direction of 
motion of the vehicle body. 
Forces acting at right angles to 
the direction of motion of the 
vehicle body. 
Forces acting in the direction of 
motion of the front wheels. 
Forces acting at right angles to 
the direction of motion of the 
i'ront wheels. 
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= 
(3.3.23.) 
= 0.3.24. ) 
The linear and angular momentum terms Land H are expressed 
relative to the moving frames of reference so that equations 
(3.3.23.) and (3.3.24.) become 
a L l:F 0.3.25.) a-tL + wi. = 
a H ErJ\F 
0.3.26. ) 
a-tH + W:tt = 
The following equations represent the velocities, forces 
and momenta as vectors relative to the moving axis system, 
assuming v, r, and a and their derivatives are small 
perturbations. 
Therefore for mass 1 
WI = (0, 0, r) 
LI = (ml U, m),v, 0) (3.3.27.) 
HI> = (0, 0, Cr) 
l:F = (XI2+X I R' Y12 + YR, 0) 
Er J\F = (0, 0, X12 Y12+ XRYR) 
and for mass 2, ignoring all terms other than first order 
W" = (0, 0, r + 05) 
L2 = (m2 U, m2 (v + (XI2-X2I )r 
+ X21 o5 - Ua), 0) 
H2 = (0, 0, 10 (r + 05)) 
r.F = (X2 F + X2I, V + Y2I , 0) (3.3.20. ) of 
ErA F = (0, 0, XF I YF + X21 Y21 + KSS 
Cd-a) + KSS ~~F<P + 1Ii;~ + fop 11 
~ ~) 
~rll 
ss. 
The external moments acting on mass 2 are due to the 
flexibility, damping, etc. of the steering system; 
these terms are derived in section (3.).2.). 
From Fig. 3·.10 the forces about the pivot point are 
equated for equilibrium. 
(3.3.29. ) 
Substituting equations (3.3.27.) and ().3.28.) into equations 
(3.3.25.)(3.).26.) and eliminating pivot force terms gives, 
after omitting second order terms, the following equations 
of motion. 
The lateral acceleration of both masses 
(3.).30.) 
Angular acceleration of mass 1 
(3.).31.) 
Angular acceleration of mass 2 
r - X21 0) + m2 Ur - YF] 
+ KSS (a' - 0) + K iloF cp (3.).)2. ) SS ar 
+ H· 6 lop acpl 
. 
+ Q 4> 0 ilCP 
The equations of motion for the free control vehicle are 
now fully derived. 
The set of differential equations which define the motions 
of a free control vehicle are now given below. 
Body Motions :-
1. Yaw: 
2. Sideslip: 
ID V = Y + F .. 
r - X21 0 ) 
3. Roll: 
YR - ID2 (v + (X21 -X21) 
- ID Ur 
ay 1 
Alp = F YF 
-W 
- I 
op 
Steering Pyna~cs :-
1. Hand Wheel Motion: 
(3.3.33.) 
(3.3.34.) 
(3.3.35.) 
= 
.p (3.3.36.) 
2. Road Wheel Motion: 
I (r + 0) = X21 ID2(V + (X12 - X21) r - X21 o) 
+ ID2 Ur + YF (XF' - X21) + KSS . (a 1 - 0) 
+ KSS 
aO F .p H· 6 + lop U 
a.pl ~ + RR ~ 0 acp 
0.3.:37.) 
·, 
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Tyre Forces 
1. Front Tyres 
YF + KU YF = KU (YFVV + YFrr + YF~~ + 
YFQa + YF,s8 ) 
2. Rear Tyres 
YR + KU YR = KU (YRVV + YRrr + YR~~ 
+ YR<f><f> ) 
57. 
(3.3.38. ) 
(3.3.39.) 
3.4. System Matrices for the Mathematical Models 
The equations of motion must be expressed in matrix form for 
the purposes of the eigenvalue program. The A and B matrices 
. 
for each of the mathematical models to be considered are now 
given. Each of the models is increasingly more complex, and 
both free control and fixed control models are considered. 
Five different models are used; all based on the three degree 
of freedom model developed in Chapter 2, with the tyre force 
dynamics and steering dynamics added at different stages. 
The five models are :-
1) The three degree" of freedom model 
2) The three degree of freedom model with tyre 
force dynamics. 
3) The three degree of freedom model with tyre 
force and steering dynamics (fixed control). 
4) The three degree of freedom model with 
steering dynamics (free control). 
5) The three degree of freedom model with 
tyre force and steering dynamics (free 
control) • 
Having obtained the matrix equations for the models, the 
equations can be used to obtain the steady state response 
by making all derivatives with respect to time zero. The 
frequency response of the system can also be found in the 
usual manner by using Laplace transforms on the differential 
equations and then replacing the transform variable s by it,; 
frequency component 
58. 
1. Three degrees of Freedom Model: 
Vector of dependant variables :-
x' = t V) cp, (p /r? 
Matrix .B. 
-TTl 
Matrix B 
Lv 
Nv 
-I 
-A 
-c 
Lr 
flit-
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2. Three degrees of Freedom with Tyre Dynamics: 
Vector of dependant variables :-
X J = t V) r/J I itJ I r ) YF ) YRo j 
Matrix A 
.-
-111 
- J 
- A 
-c 
, 
-1(u 
Matrix 8 
= 
p" p~ O'iF' <'f'fR. ' oQ ~<p 
XF Xt. 
'1FII '(PIP '1FJ, Ypr 
-J 
'It.v 'It1/> Yu, 'fir 
- I 
-~~S 
-K.U 'ffOb 
3. Three degress of Freedom with Tyre and steering 
Dynamics (Fixed Control·Model): 
Vector of dependant variables :-
L = ~ 1:;) b) 'If) '1~ } (J ) it» V, r 3 
Matrix A 
-A 
1I11,.X:;:u 
-)r! 
"'J)f1.XI'l.. 
Matrix }3 
-/ 
Cll>r .!l.~/ fI~ :crI t::ss diP r'Gp iI~ 3<1> 
- J(U'fI<{, KU - f( u ,/"", -f(U'IF';' 
- Ku,/"v 
J(U 
-/(U'f/¥ 
- t:.tt '/~tP - K.tt 'Itv 
- f 
-41' t 0'// 0'/11.' P", Pi> 
--,;" ~'" 
(:tn.-x,.) 
61. 
[., (,,, ,,,j 1 
-c 
X t2·loI, U. 
- KU'/F. 
- KtJ.YI!~ 
I ~ 
- "'I' &. 
- '" Lt 
&:(t>-"1 tU) J 
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4. Three degrees of Freedom with Steering Dynamics 
(Free Control Model): 
Vector of dependant variables :-
,,-I 
= ~ 01.1 ,;. t 0, a tpl (p V, '3 ) ) ) 1 
Matrix ll. 
-I 
~1" 
-I 
rI~ ~ "IJ.X,.S m"'~·41 G -T~ t- )M 1. 2:1.1 (:(I1.-lll-. 
- 1 
. A 
m~ :("1 -m [->tt, ()In-:(,,j 
-c 
Matrix B 
= 
1 
L'iJ ~pt!L~J L,p L;P Lv {L.r-- Ibf ~] 
Yb Y;" Yr; V;, 'Iv [Yr - >-cU] 
)(,' tJ, :(.,' Yl.~ x,I'fR.V ['X di '1: 'it t")t1;~,:t _;1 
-' 
-I(~~ 
«ss 
~ 
s. Three degrees of Freedom with Tyre and Steering 
Dynamics (Free Control Model): 
Vector of dependant variables :-
y'" ~ oil dJ..', 5) s) YF, Ye) rP)~) V,'-~ 
Matrix ,q 
-1",-
63. 
-7. 
"M11. :(),.J r""l:t'll~Jl-~ 
-11 
]a'h.,X)'1 -1>'\ f1ofJ~,,-t~~ 
-
'" I :in ... -c 
Matrix B 
-/ 1 Kss I(, ~~F - ~~;;~ 
-I 
-/(~~ Ih ;(F' [K.s ~&; J f&p~ ~1 ~,~ 1of>. U. 
- t(U 'fF~ -K.u'lFi, Kt! -/(IJ'/~ -/(U'/FJ> -t.U'IFv -'/.U'Icr 
!CIA -K..u.YI.(> -I!./J'/~ -K.u 'ftp -/(rJ.'1u-
-I 
-1rt ~' ... if> o'l~( ~</J P;, Pri> -Ibf ~ 
- '" U. 
~'>" -:tt -~" >'!, 111 
-' 
., 
) 
3.5. Non-Linearities 
As dynamic systems can never be described as being completely 
linear over the entire range of operation, the automobile 
therefore is no exception. However, it is possible to obtain 
an'approximate linear representation of the system within 
certain limits. It is the purpose of this section to look 
at some of the more important non-linear elements which have 
been assumed to be linear, and to state the constraints which 
must be placed on the linear model for these assumptions not' 
to be violated. 
Tyre Forces: 
The tyre forces are assumed to be a linear function of the 
slip angle of the tyres only, viz. 
y = c y y (3.5.1.) 
In fact, the tyre force also depends on the variation in 
vertical load, tyre pressure and tyre design. 
The typical tyre force sideslip curve is shown in Fig. 3.11. 
From this curve it can be seen that the tyre force is 
represented as a linear function of 'the slip angle for small 
angles, but as the slip angle increases, the tyre force 
reaches a limiting value determined by the weight of the 
vehicle and the road conditions. 
YMAX = (3.5.2.) 
where \l is the coefficient of friction of the road/tyre 
interface. 
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SLOPE = C~ 
Y max 
TYRE SLIP AllGLE ¥ 
The law relating the tyre force to the slip angle has been 
derived empirically, there being several relationships 
given by different people. Ellis(16) gives the relationship 
as :-
fey) = 3 lllJ 
"2 ym 
(3.5.3.) 
Where yin· is the maximum value of slip angle (120 ). 
Smiley (18) also derives a cubic relationship similar to 
that of Ellis. 
y 
- 4 
<l>i (<I> < 1. 5) llW = <l>T 27 
(3.5.1..) 
y = 1 (<I> > 1. 5) 
llW 
where 
<l>T = f.r y llW 
The Ellis curve is shown in Fig. 3.12. If a straight line, 
i.e. linear curve, is drawn on the same axis, then the large 
differences between the linear and non-linear curves for 
large slip angles becomes apparent. However, for small slip 
angles the linear approximation gives very good results. To 
give some indication of the lateral accelerations associated 
with slip angles, some simple calculations are given below :-
Inertial lateral force m x a 
Lateral force due to slip angle 
+ C Yr yr 
(assume no camber thrust) 
(3.5.5. ) 
(3.5.6.) 
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If it is assumed that the front and re,ar slip angles are 
equal, then :-
ma = '(C + C ) Y yr yr 
, ' 
Therefore; using the data of AppendixAl' the values of lateral 
acceleration can be obtained and are given in Table 3.5.1 
below :-
Table 3.5. 1 . 
Slip Angle Lateral Acceleration 
Degrees gls 
1 0.135' 
2' 0.270 
3 0.405 
4 0.520 
5 0.675 
6 0.810 
7 0.945 
8 1.080 
To gain some idea of the 'levels of lateral acceleration which 
are acceptable 1'or the linear approximation to be adequate, a 
graph 01' percentage error between f (y) , non-linear and f (y ) 
linear versus lateralacceJerat:iDn is shown in Fig. 3.13. 
From this curve, it is shown that 1'or lateral accelerations 
in excess 01' 0.3g the error in tyre force calculationD will 
be ereater'than 2%. 
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If this were the only approximation in the model, errors of 
up to 5% would be acceptable, but since there are other 
approximations, an error of 2% should be considered as an 
upper limit. 
The relationship between camber angle and the lateral thrust 
due to the cambering action of the wheel is similar to the 
tyre force/slip angle relationship. So that once again the 
linear approximation holds for low levels of lateral 
acceleration. 
Most of the parameters associated with the pneumatic tyre 
are, in fact, non-linear to some extent. Two further examp1es 
of this are the pneumatic castor and the relaxation length. 
Ca) Pneumatic Castor: 
The pneumatic castor is shown by Smiley to be a function 
of the non-dimensional parameter <PT and the tyre foot 
print length, where 4>T is given by :-
(3.5.8.) 
Therefore, since the slip angle is non-linear above 0.3g 
then the pneumatic castor must be assumed also to be 
non-linear above this level of lateral acceleration. To 
overcome this, Smiley gives different empirical 
reiationships, depending on the magnitude of the 
function $," e.g. 
71 . 
~ 0.8 (1 - 4/27 cJ>;J (cJ>T < 0.1) = 
0.5.9.) 
~ (cJ>r - ~~ - 0.01) = (cJ>r - 4/27 cJ>n (0.1 < <l>T < 0.55 ) h 
However, since the model will only be considered for 
small lateral accelerations, an average value of 
pneumatic castor is used in the tyre data. 
(b) Relaxation Length: 
As with the pneumatic castor, Smiley derives different 
empirical relationships for varying conditions, but·in 
this instance, the variable is the vertical deflection 
of the tyre. The results are given in Appendix AJ. 
Suspension Non-Linearities 
The main components of the suspension system are the springs, 
dampers, and suspension linkages which support the wheels. 
The main purpose of the springs and dampers are to provide 
the required vertical ride characteristics, which are not of 
interest in the study of vehicle handling, but the rolling 
motion of the vehicle is one of the dependant variables which 
is affected by the damping ani stiffness in the suspension. 
Not all of.the damping and stiffness is provided by the springs 
and dampers; the linkage mountings and the linkage struts 
themselves also con~ibute, but only to a minor extent, as 
does the tyre flexibility. 
As in the case of all sprung systems, the springs do not have 
completely linear force-deflection characteristics. Typical 
coil spring curves are shown in Fig. 3.14. From these curveS 
it can be seen that over a small region either side of the 
origin the curve is linear, and that it is only for large 
deflections that the non-linearity becomes apparent. Some 
typical values quoted by Maeda and Uemura (21), show that 
a spring exhibits linear characteristics up to 50 rrnn 
deflection in jounce. In the study of the lateral dynamics 
of an automobile, the spring characteristics are important 
only in the roll equation, and to produce spring deflections 
in excess of 50 rrnn just from the rolling motions of the 
vehicle would generally require a lateral acceleration of 
more than 0.3g, which is a constraint previously determined. 
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The shock absorbers, however, are more non-linear than the 
springs; typical load velocity curves are shown in Fig. 3.15. 
The slopes of the curves differ between tension and compression, 
so that linear approximation will be given by an average of 
these two slopes. The effect of the roll damping on the 
performance of a vehicle in the lateral directions is small 
compared to the roll stiffness, since the slope of the damper 
curve is a fac.tor of 20 less than that of the spring curve. 
Another assumption made was that the vehicle is symmetric 
about its horizontal axis, i.e. the front and rear suspensions, 
etc. are identical on both sides or the vehicle. This, of 
course, is not strictly correct, but is a valid assumption 
for the accuracies expected by the model. 
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0,8 m/s 
----------------
4. Results 
The results presented in this section are mainly of the 
dynamic characteristics of the automobile. The results will 
be presented as the locus of the eigenvalues. ~he 'eioclty 
of the vet,i"f ;La.BPeaseos plo L!7,ng the real ]:)art of the 
IS f o/le . et,> It:...,/ oul7J 0/ It.. v..u.:,c.fe I><CN!P.~'(!;<'. 
eigenvalueAagainst the imaginary pa/\, or in control theory 
terminology, plotted on the S-plane. 
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4.1. Three Degree of Freedom Model 
The three degree of freedom model exhibits the characteristic 
results of the models of previous researchers, (1, 15) 
when considering the dynamic response of the vehicle. From 
Fig .• 4.1.1 it can be seen that at higher velocities, the 
dynamic behaviour of the vehicle is characterised by two 
oscillating modes, i.e. the eigenvalues are two pairs of 
complex conjugate roots. At low velocities, however, the 
low frequency mode is now split into two real roots, but 
the higher frequency mode is still oscillatory. From the 
s-plane plots, it can be seen that the low frequency mode 
moves rapidly towards the imaginary axis as the forward 
velocity increases, and so the damping reduces accordingly 
and the vehicle becomes less stable. The vehicle can be 
made unstable, i.e. the locus crosses the imaginary axis, 
by making the front roJ.l steer negative. As the velocity 
of the vehicle is increased, then the rate of change of the 
eigenvalues decreases; thus for the vehicle defined by the 
standard data to beccme unstable would require a very large 
forward velocity. The roots of the higher frequer~y mode 
do not move very much in comparison to those of the lower 
frequency mode, but at high speeds the locus is tending 
towards the imaginary axis. 
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Thn Lwo o:;r:illaLury modes can be thought of as the 
'yaw-~ideslip' mode and the 'roll' mode; the yaw sideslip 
mode having the lower frequency. These descriptions can 
only be loosely applied, however, since the yaw-sideslip 
mode is influenced by the coupling with the roll mode and 
vice versa. This means that ,,-hen the vehicle goes unstable, 
as mentioned above, it is the yaw-sideslip which goes unstable; 
the vehicle eventually· spinning off the road. 
Parametric Study 
In the parametric study of each of the models, the 
following parameters are changed by 25% :-
yaw inertia, roll inertia, mass Fig. 4.1.2. 
roll steer coefficient, rear tyre force coefficient, 
roll stiffness Fig. 4.1.3. 
front and rear suspension flexibility coefficients -
Fig. 4.1.4. 
In all cases, it can be seen that the effect of these 
parametric variations only marginally affects the roll mode, 
except in the case of the increase in roll inertia, which 
reduces the frequency of the mode, and the increase in roll 
stiffness increases the frequency of the mode. These are the 
results which are expected from such changes. 
The effect on the yaw sideslip mode is somewhat more noticable. 
The main changes are in the frequency of the oscillatory roots, 
and the point at which they emerge from the real axis. 
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The point of emergence can be moved to the right by increasing. 
the mass of the vehicle, .reducing the roll steer coefficient, 
Le. making the vehicle less under steering, and can most 
dramatically be moved by selecting suitable values of 
suspension flexibility coefficients, Figs.4.1.4 and 4.1.5. 
The most significant effect is produced by reducing the rear 
tyre force coefficient. In this case,- the yaw sidelsip mode 
has real roots through the entire speed range, becoming 
unstable at about 27 m/s. The effects of altering the tyre 
force balance is well known in practice, e.g. under-inflated 
tyres can cause instability, as can the incorrect matching of 
tyres (radial/crossply). 
The effect that the introductiori of suspension flexibilities 
into the model is best illustrated by comparing the effects 
against another parameter. The front roll steer is now set 
to -0.3 which produces a dynamically unstable vehicle, Fig. 
4.1.6. The front and rear lateral flexibilities in steer, 
of the suspension, are now set to.-1 degree/g and +1 degree/g 
respectively, which has the effect of making the vehicle stable 
within the speed range considered. This shows that the use of 
this type of flexibility can be as powerful in influencing 
vehicle stability as the geometry of the suspension/steering 
system. 
The introduction of camber flexibility has much less effect on 
vehicle stability, as can be seen from Fig. 4.1.7, so that the 
camber flexibility effects will be ignored in the later models. 
The steady state behaviour of the vehicle, as indicated by 
the static margin, can be varied in the same way as- the 
dynamic behaviour as the suspension flexibility coefficients 
are changed. Again the flexibility in steer has a greater 
effect than the camber flexibility. The static margin can, 
in fact, be varied from -0.205 m to -0.885 m the 
standard vehicle (Le. aoYF = d.sYR _ ()) has a static 
aYF HR-
margin of :"0.550 m Fig. 4.1.8. This variation in static 
margin is produced by setting the flexibility in steer 
coefficients to + 2 degrees/g. 
A complete analysis of the effects of the inclusion of the 
lateral flexibilities of a suspension system into a three 
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degree of freedom mathematical model is given in reference 28. 
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4.2. Three Degree of Freedom Model + Tyre Force Dynamics 
The effect of introducing the tyre force dynamics into the 
three degree of freedom model does not affect the response 
of the 'roll' mode or the 'yaw-sideslip' mode at high 
forward velocities; however, 'at lower velocities it can be 
seen from Fig. 4.2.1 that the response is very different. 
In this case, at very low velocities, below 7 m/s,the response 
of the yaw sideslip mode is oscillatory, but as the velocity 
increases, the oscillatory yaw-sideslip mode splits into two 
equal modes (real,roots) re-combining again to form the 
oscillatory yaw-sideslip mode above 20 m/s. This is possibly 
due to the oscillatory nature of the tyre forces at the very 
low forward velocities, causing the vehicle to respond in the 
oscillatory manner of the higher velocity response. 
The tyre force mode is a coupled mode at low velocities, 
below 10 m/ s. In this case, the coupling refers to the 
front and rear tyre forces, which thus causes the low 
velocity oscillatory yaw-sideslip mode (see Table 4.2.1.) 
At higher velocities, the front and rear tyre forces are 
uncoupled (real roots) and the vehicle then responds as the 
normal three degree of freedom model. 
Parametric Study 
The parameters studied are as in the previous section, and 
the resulting plots are shown in Figs. 4.2.2., 4.2.3., 4.2.4. 
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The effects on the roll mode are again only noticable by the 
modificatIDns made to the roll inertia and the roll stiffness 
coefficients which produce a reduction and an increase to the 
frequency of the mode respectively. 
The yaw sideslip mode is again oscillatory, real roots and 
then oscillatory over the speed range, except in the case 
of reducing the rear tyre force coefficient where the roots 
are real over the speed range and become unstable above 
27 m/s. Also, the suspension flexibility coefficients can 
be chosen so that the mode is completely oscillatory over 
the speed range, once again showing the effectiveness of the 
suspension flexibilities, Fig.4.2.4. 
The parameters again alter the point of emergence of the 
roots from the real axis, the point of emergence being moved 
to the right in all cases. For this model, which has low 
velocity oscillatory roots, the point at which the roots 
join the real axis is altered by the parametric variations. 
The inertia parameters have the most effect in this instance, 
the suspension coefficients having only marginal effect. 
88. 
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Table 4.2.1. 
3 degree of freedom model + tyre force dynamics 
Tyre force mode Eigenvalues 
Forward velocity m/s Eigenvalues* 
7.6 -13.363 + 16.045 
15.2 -50.993 
-46.183 
22.8 -77.760 
-80.430 
30.4 -107.066 
-108.966 
48.0 
-135.700 
:"137.184 
45.6 -164.030 
-165.251 
" The results have been rounded off to three decimal places. 
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4.3. Three Degree of Freedom Model + Tyre Force and 
Steering Dynamics (Fixed Control) 
Introducing the steering dynamics into the previous model, 
i.e. three .degrees of freedom (body motions) with tyre force 
dynamics, adds another pair of eignevalues to the solution. 
These indicate the ·dynainic behaviour of the front wheels of 
the automobile, since for the fixed control vehicle, the 
hand wheel is assumed to be held rigidly. 
Once again, the effect of introducing another degree of 
freedom is to modify the lower frequency mode to a greater 
extent than the higher frequency mode. In this case, the 
low frequency yaw-sideslip mode is now characterised by a 
complex conjugate pair of eigenvalues throughout the speed 
range considered; the loci of these eigenvalues moving 
rapidly towards the imaginary axis at low speeds and as 
observed previously, the rate of change decreasing at the 
higher speeds. The influence of the steering dynamics, for 
the fixed control vehicle, is therefore to remove the real 
roots from the loci of both of the previous models observed, 
Fig. 4.3.1. The final frequency of oscillation is now also 
increased, 0.48Hz for the other mathematical models and 0.62 Hz 
for the present model. 
The higher frequency 'roll' mode describes a similar loci to 
the previous models, but at the top of the speed range, the 
loci in this instance turns through 1800 and reverses its 
direction. The frequency of oscillation and damping associated 
with this mode are consistant with the similar mode of the 
preceding models. 
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The: e:igenvalu"" of the tyre force and steering modes are 
,:iv.,,, ill Tau!."" ),.J.1. and ),.3.2. r·",'pec:t.iv.,}.Y. 
}Jura.metric S Ludy 
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The parameters varied are again consistent with the previous 
models, and the complex plane plots are shown in Fig. 4.3.2, 
4.3.3, 4.3.4. For this model, the roots of both the roll mode 
and the yaw sideslip mode are complex throughout the speed 
range as for the vehicle with standard data. The variations 
in the inertia parameters do not alter this, but by reducing 
the roll steer coefficient and the rear tyre force coefficient, 
the yaw sideslip mode can be altered. In the first case, the 
mode is oscillator'y at low velocities, real roots up to 7 mVs 
and then oscillatory again over the remainder of the speed 
range; this is similar to the results for the previous model. 
The yaw sideslip mode in the case of a reduced rear tyre force 
coefficient is now a stable mode with oscillatory characteristics 
at higher velocities; in the previous models, this mode was 
real throughout the speed range. The natural frequencies of 
the yaw Sideslip mode are again modified to the largest extent 
by selecting certain combinations of flexibility coefficients, 
Fig. 4.3.4. 
The roll mode is only marginally affected by the parametric 
variations, the roll inertia and roll stiffness coefficients 
again having the most noticable effect on the frequency of 
the oscillatory roll modes. 
The steering and tyre force modes are, of course, also 
slightly modified, but since they cannot be compared with 
all the other models, they are not of the same importance. 
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Table 4.3.1. 
3 degree of freedom model + tyre forces + steering 
dynamics (Fixed Control). 
Tyre force modes Eigenvalues 
Forward Veloci~y m/s Eigenvalues* 
'7.6 16.388 + 5.691 
15.2 -55.006 
-50.705 
22.8 -83.262 
-80.253 
30.4 -111.026 
-108.834 
3U.O -138.768 
-137.078 
45.6 -166.525 
-165.162 
<> The results have been rounded off ·to three decimal places. 
'n. 
3 degree of freedom mudel + tyre forces + steering 
dynamics (Fixed Control) 
Steering mode (front wheels) Eigenvalues 
Forward Velocity m/s Eigenvalues* 
-12.079 + 36.452 
15.2 
-12.837 + 38.497 
22.8 
-13.454 + 38.963 
30.4 
-13.705 + 39.075 
38.0 
-13.754 + 39.127 
-13.696 + 39.191 
"The results have been rounded off to three decimal places. 
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4.4. Three Degree of Freedom Model + Steering Dynamics 
(Free Control) 
The three degree of freedom model with steering dynamics in 
the free control situation exhibits similar characteristics 
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to the complete free control model to be described in section 
4.5. Therefore, the identification of the modes ~s 
facilitated since the modes missing from this model are the 
front and rear tyre force modes (see section 4.6.). The 
three significant modes are plotted in Fig.4.4.1. 
The modes look significantly different to those of any of 
the previous models considered; however, close examination 
reveals that the high frequency 'roll' mode is similar to 
previous models, and also the 'yaw-sideslip' mode breaking 
away from the real axis. In the free control model, the yaw 
sideslip mode has a higher frequency and lower damping, 
typical values at 30 m/s are: W 0.64 Hz and $ = 0.19, 
compared with w = 0.54 Hz and 5 = 0.65 for the three 
degree of freedom model. The decrease in damping is 
intuitively expected for the free control model, and agrees 
with the results of Segel(6), who found that not only was 
the damping reduced, but that the vehicle became unstable 
above certain speeds. 
A new mode now appears, due to the introduction of the free 
control steering dynamics. This has been identified as a 
steering (coupled with yaw-sideslip) mode. From the vector 
plots it is seen that this mode is very dependent on many 
of the variables, and therefore this definition of the mode 
is very approximate. 
The characteristics of this mode are that it is oscillatory 
at low speeds, but as the speed increases, the mode becomes 
more heavily damped and the roots eventually meet the real 
axis and diverge into separate real roots. This means that 
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as the velocity of the vehicle increases, the steering becomes 
less responsive to an external stimulus. 
For the remainder of the discussions of the results of this 
model, only the yaw sideslip mode will be considered, since 
the remaining modes are stable under all conditions; the 
yaw sideslip mode being a potentially unstable mode. 
Parametric Study 
The increase in the complexity of the model has the effect 
of making the yaw sideslip mode less complex in so much as 
for most of the parameters varie~the characteristics of the 
mode remain the same. The mode has real roots at the lower 
end of the speed range, which separate into complex roots at 
about 10 m/s. The complex roots then move rapidly towards 
the real axis, Figs. 4.4.2., 4.4.3., 4.4.4., 
and in the case of a vehicle with reduced rear tyre force 
coefficient, the mode becomes marginally stable at 4S m/s 
Fig.4.4.3. In this case, the mode also remains oscillatory 
throughout the speed range. This also occurs for an 
increase in the yaw inertia and also for certain combinations 
of suspension flexibility coefficients. For the vehicles 
which have real roots at low velocities, the point of emergence 
from the real axis is not altered to any great extent by the 
variation in the parameter~ and the frequency of the modes 
remains reasonably consistent. 
Table h.h. 1. 
3 degree of freedom model + steering dynamics (free control) 
S te ering ." shimmy" , mode 
Forward Velocity m/s 
7.6 
15.2 
22.8 
30.4 
38.0 
h5.6 
- Eigenvalues 
Eigenvalues 
-22.112 + h6.168j 
-21.293 + h5.758j 
-20.858 + 45.h76j 
-20.498 + 45.216j 
-20.157 + hh.946j 
-19.817 + hh.655j 
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4.5. The Three Degree of Freedom Model + Tyre Force and 
Steering Dynamics (Free Control) 
The free control model with the tyre force dynamics included 
has very similar characteristics to the previous free control 
model. The damping and frequency associated with the yaw 
sideslip and steering modes being only slightly modified, 
e.g. Fig.4.5.1. 
3 df model + steering 
dynamics 
Forward velocity 30.4 m/s 
Yaw sideslip mode 
3 df model + steering + 
tyre force dynamics 
110. 
s = 0.19 w 0.64 Hz S 0.16 w 0.65 Hz 
Steering mode 
s = 0.69 w O.7hHx S 0.67 w 0.75 Hz 
The roll mode, however, is modified at low velocities, now 
having a higher frequency than experienced previously, 2.25 Hz 
compared with 1.35 Hz, this being caused by the oscillatory 
nature of the tyre forces at low velocities. Once again, 
the tyre forces have an oscillatory response up to 14 m/s 
and then the loci separate into two real roots over the 
remainder of the speed range. The high frequency 'shimmy' 
type mode of the front wheels is again present. The 
eigenvalues for the tyre force and shimmy modes are given 
in Tables 4.5.1. and h.5.2. 
Parametric Study 
·The variation in the vehicle parameters produces similar 
results for this model, Figs. 4.5.2., 4.5.)., 
4.5.4., to those of the previous model, section 4.4. The 
changes in yaw inertia give the vehicle an oscillatory yaw 
sideslip mode throughout the speed range, as does the 
reduction of the rear tyre force coefficient. The reduction 
of the rear tyre force in this model now makes the yaw 
sideslip mode unstable at about )0 m/s In. the previous 
model the vehicle became only marginally stable at high 
velocities. This is really the only major difference 
between this model and the previous one, which did not include 
the tyre force dynamics. 
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Correlation with Segel's Results 
In order to compare this model with that proposed by Segel(6) 
the data used by Segel was incorporated into the model 
developed here, and the results compared. The Segel model 
does not include tyre dynamics, so that the data was assumed 
to be similar to that given in Appendix A.1. The eigenvalue 
results given by Segel's model are shown below. 
Eigenvalues vehicle vEiLoci ty 26.5 m/ sec 
-2.885 + 6.72j 
0.391 + 6.61j unstable mode 
-5.73 + 7.27j 
-2.63 + 69.3j 
The results from the model developed in this thesis, using 
Segells data are now given below. 
Eigenvalues vehicle velocity 30·4 m/sec 
-19.64 + 52.8j 
-0.166 + 8.75j 
-5.17 + 5.71j 
-0.45 + 5.08j 
-116.8 
-196.4 
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From these results, it can be seen that the vehicle· response 
is stable even at an increased velocity using the present 
model. The dampL~g associated with the unstable Segel mode 
is light, and the damping of another mode is reduced. It 
·has been shown, however, that a stable linear free control 
model of an automobile can be developed. 
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steady State Results 
If the steady state values of this vehicle are computed, then 
the results are typified by those presented in Fig. 4.5.5. 
This is a plot of the steady state yaw gain against vehicle 
velocity. From these results it is seen that for values of 
front roll steer coefficient greater than -0.1 then the yaw 
gain decreases as the velocity increases, i.e. the vehicle 
is understeering. For rioF 
d<!> 
-0.1 the yaw gain increases 
with velocity, but the curve is beginning to flatten off. 
d (; F 
However, when :)<1> is made more negative, then the yaw 
gain becomes infinite as the velocity increases, i.e. the 
vehicle is now oversteering. 
The three degree of ireedom model also becomes over steering 
ad' _ aM: between a <I> - -0.1 and a <I> = -0.2, so that increasing 
the complexity of the model does not affect the steady state 
results. 
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3 Degree of Freedom Model + Tyre Force and Steering 
Dynamics (Free Control) 
Table 4.5.1. 
Tyre Force Modes 
Forward velocity m/s 
15.2 
22.8 
30.4 
38.0 
45.6 
Table 4.5.2. 
Steering 'shimmy' mode 
Forward velocity m/s 
7.6 
15.2 
22.8 
30.4 
38.0 
45.6 
Eigenvalues 
Eigenvalues 
-23.025 
-18.548 
-57.546 
-51.795. 
-85.132 
-80.911 
~ 112.420 
-109.316 
-139.845 
-137.461 
-167.388 
-165.480 
Eigenvalues 
Eigenvalues 
-17.005 + 41.682 
-17 .242 + 44.159 
-17.964 + 44.970 
-18.377 ~ 45.230 
-18.555 + 45.351 
-18.597 + 45.495 
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4.6. Identification of Vehicle Modes 
In the introduction, it was pointed out that as the complexity 
of the model increases, then the more difficult the 
interpretation of the results becomes. With the introduction 
of the steering dynamics and the coupling with the body 
motions, then the interpretation of the results is already 
more difficult. Looking at the eigenvalue plots of the 
fixed and free control models (both models including three 
degrees of freedom of body motion and tyre force dynamics), 
then the identification of the various modes of respome i~; 
not readily apparent. The high frequency mode can be 
attributed to the front wheels and the real roots to the tyre 
forces, but the remaining roots are not readily identifiable. 
In the case of this system, it may not be possible to identify 
a'yaw-sideslip' mode or a 'rolling' mode as in the case of 
the three degree of freedom model, but some classification 
of the body modes will be possible. 
The eigenvalues of the system indicate the dampine and 
frequency associated with each of the modes of response. 
The relative magnitudes of the independent variables is 
indicated by the eigenvectors of the associated eigenvalues. 
Before the eigenvectors can be compared for each mode, they 
must first of all be made non-dimensional as the eigenvectors 
are normally in the units of the independent variables. '. 
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Non-dimensionalising the Eigenvectors 
The eigenvectors for the free control vehicle are in the 
following order 
a radians 
a radians/second 
I) radians 
. 
I) radians/second 
YF Newtons 
YR Newtons 
<P radians 
~ radians/second 
v metres/seconds 
r radians/second 
In order to normalise the above variables,it is necessary 
to choose some criteria with which to normalise against. 
The standard procedure in the study of vehicle dynamics is 
to relate the independent variables to the angular rotation 
of the front wheels,expressed in radians. This can be done 
relatively easily, since the coefficients in the equation for 
the slip angle at the front wheel will give most of.the scaling 
factors (see Equation (2.2.16.»· 
Re-writing Equation (2.2.16.) ani ignoring the camber thrust 
term, which will be much less than the lateral force due to 
the slip angle 
(4.G.1.) 
-' 
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Equation (4.6.1.) is now in terms of the slip angle at the 
front wheel, and the normalising factors are therefore 
YF x ( 1/GyF) ( ...... ) - scale factor 
v x (1/u) 
r x (VU) 
• 
cp x ( a YF Iu) 
acp 
cp x (CfiL. ) 
acp 
<5 x (1) 
YR, the lateral tyre force at the rear wheel cannot be re1ated 
to the slip angle at the front wheel, and is therefore normalised 
by the rear tyre force coefficient, to give the angular deviation 
at the rear wheel 
In the case of the rate of change of steer angle at the road 
-wheels, the scaling factor chosen is 
x ( l/U) 
where t is the distance from the vertical axis of rotation 
of the wheel to the centre of the tyre contact area. 
The angular displacement of the hand wheel is related to the 
angular displacement of the road wheels by the steering gear 
box ratio. For the vehicle considered here, the overall 
steering ratio is 27.3 and therefore the scale factors should 
be 
x (1/27.3) 
x (1/27.3x t/U) 
However, this would result in the length of the vectors 
representing a 1 and &1 being negligible in size, and 
therefore the gear box factor has been ignored. The 
interpretation of the results, therefore, must take this fact 
into account. 
123. 
Identification of Fixed Control Modes 
The eigenvectors, after the normalising process, are usually 
presented as steer plots (Figs. A.5.1. to A.5.,7.) 
Appendix AS), but from looking at these results, it is 
difficult to assimilate the' information. To overcome this 
problem, the eigenvectors are again normalised, but this 
time by the magnitude of the dominant variable. This is 
done for each mode at the six forward velocities considered, 
and the results are now presented in Figs. 4.6.1. to 4.6.6. 
From these plots it is now possible to appreciate the relative 
magnitudes of the variables much more easily. 
, 
To ,identify the various modes, the results for the vehicle 
travelling at 22.8ny., will be considered and then the mode 
classification compared with the results at the remaining 
velocities. 
The modes are numbered from one to five at 23 m/s the other 
plots are then numbered so that the corresponding mode has 
the same number at each of the velocities. 
Examination of mode 1 shows that the front tyre force and 
front wheel steer angle have dominant magnitudes. The high 
frequency associated with this mode suggests a "shimmy" 
type of motion at the front wheels. This would explain the 
negligible magnitude of the body variables, roll, yal<, etc. 
The normalising method adopted here reduces the magnitude of 
the steer angle vel',)city 6 but in fact, this is relatively 
large for this, particular mode, as would be expected for a 
shimmy motion. 
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Modes 2 and 3 have real roots, with eigenvectors dominated 
by the front tyre forces; mode 2 being dominated by the front 
tyre force, and mode 3 by the rear tyre force. These modes 
can therefore be identified as the tyre force modes. 
The remaining two modes, 4 and 5, are the most difficult to 
identify, owing to the strong coupling between the body and 
steering system motions. Mode 5, however, is dominated by 
the sideslip ve10city, with tre yaw rate also being quite large. 
The frequency associated with this mode is lower than that for 
mode 4, and so this mode may be loosely thought of as the 
'yaw-sideslip' mode, and the higher frequency mode 4 as the 
'roll' mode. This follows the identification of the 'roll' 
and 'yaw-sideslip' modes for the three degree of freedom 
model, where the higher frequency mode was associated with 
the rolling motions of the vehicle. 
Looking at the eigenvector plots for the other velocities, the 
modes can be identified as above. -At 45 m/s the body variables 
in mode 4, the roll mode, become insignificant when compared 
with the rear tyre force. The two real roots associated with 
the tyre forces (modes 2 and 3) are combined at slow speed 
(7.6 m/s ),i.e. an oscillatory mode is formed. Modes 2 and 3 
are labelled together in this case. 
125. 
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The modes are therefore classified as follows :-
Mode 1 Front wheel 'shimmy' motion 
Mode 2 Front tyre force 
Mode 3 Rear tyre force 
Mode 4 Rolling Motion 
Mode 5 Yaw-sideslip Motion 
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Identification (Jf Free Control Modes 
The separation and identification of the modes for the free 
control vehicle is more difficult than for the fixed control 
vehicle. The same approach is adopted as in the previous 
case, i.e. the modes· are firstly identified at a vehicle 
velocity of 22.8 m/s and numbered from 1 to 6. These numbers 
are then allocated to the same mode at each of the other 
velocities considered in Figs. 4.6.7. to 4.6.12. 
Modes 1, 2, and 3 are similar to those observed for the Fixed 
Control vehicle. Mode 1 is the 'shimmy' type steering mode; 
Mode 2 the front tyre force mode, and Mode 3 the rear tyre 
force mode. 
The remaining modes are very difficult to identify from the 
magnitudes of the vectors; once again, however,. there is a 
higher frequency mode which is comparable to the frequencies 
of the roll modes of the fixed control vehicle and three 
degree of freedom models. However, in this case, the steering 
and tyre force vectors still predominate, so that this mode 
is a. steering/roll coupled mode. 
The last two modes, 5 and 6, are very difficult to separate. 
Since a further degree of freedom has been introduced, i.e. 
the hand wheel motion, a mode representing the motion of 
this variable might be expected; however, this is not 
apparent in the eigenvector plots. The relative magnitudes 
of the body variables are almost identical for these two 
modes, the only significant difference being that both of 
the steering variables Cl and cS are larger for Mode 6. 
The I."requcneies associated with both of the~e modes are of 
Lhe :Jame order, so that classification in terms of one 
variable or another is not possible. A compromise solution 
to this problem is to call Mode· 6 a yaw sideslip motion 
coupled with steering, and Mode 5 a 'snaking' mode in which 
the front wheel ·steer angle is reduced and the rear end of 
the vehicle is snaking behind the front wheels. 
The identification of the modes indicated above does not 
strictly apply at all other velocities. Modes, 1, 2, and 
J can be identified at the other velocities, but the other 
modes are modified with velocity, this being most apparent 
at 7.6 m/s and h5.6m,li where two of the modes split into real 
roots. 
Mode 4 can be identified through the speed range by the 
higher frequency associated with it. Even so, the response 
of this vehicle mode is modified with velocity; the magnitude 
of the roll component being reduced at low and high velocities. 
Similarly, Modes 5 and 6 can be identified by reference to the 
eigenvalue results, Fig.4.5.1, but again, the magnitudes of 
the variables varies with velocity. Mode 5 separates into 
real roots at 45.6n/s and Mode 6 continues to form an 
oscillatory mode above 7.6m/s. 
The mode classification which is given below is very loosely 
defined being most relevant to a vehicle with a velocity of 
22.3 nv's. 
1 3h. 
Mode 1 Front wheel I shinunyl motion 
Mode 2 Front tyre force 
Mode J Rear tyre force 
Mode 4 steering-roll coupled 
Mode 5 I Snaking I mode 
Mode 6 Yaw sideslip mode coupled with steering 
The potentially unstable mode is No. 6. From the vector 
plots it is apparent that instability will cause the vehicle 
to sideslip off' the road when the rear lateral tyre force 
overcomes the friction force. 
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4.7. Correlation of Results 
The three degree of freedom mathematical model provides the 
foundation on which the subsequent more complex models are 
built. This model is now well established(lS) and the results 
are known to be satisfactory within the limits of any linear 
model. This means that the results can be correlated with 
this basic model, and the effects of increasing th'e complexity 
of the model judged. 
The introduction of the tyre force dynamics adds two further 
degrees of freedom to the model, which has the effect of 
making the yaw-sideslip mode oscillatory at low speeds; this 
has already been explained, but it is interesting to note 
that when the steering dynamics is also included, in the free 
control model, the effect is not apparent. The introduction 
of the tyre force dynamics otherwise has little effect on 
either the yaw-sideslip mode (above 5 m/s ) or the roll, 
mode. The parametric study reveals similar trends, with the 
low velocity yaw sideslip mode again experiencing the main 
differences. 
The addition of the steering dynamics to give a fixed control 
type of vehicle is the next stage in the development of the 
model. This is the vehicle in which the dynamics of the 
steering system are included, but the hand wheel is assumed 
to be rigidly held. This means that there is only one further 
degree of freedom added to the mathematical model. 
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The steering dynamics has the effect of altering the yaw 
sideslip mode for the standard data vehicle, so that now 
the mode is oscillatory over the whole speed range. This 
is different to both the previous models considered; however, 
the mode originates from a similar point on the complex plane 
to that of the previous three degree of freedom model with 
tyre force dynamics, but instead of combining to form real 
roots, the loci of the roots moves towards a similar 
termination point to the other fixed control type of models. 
However, by altering the values of some of the parameters, 
e.g. roll steer and rear tyre force coefficient, a similar 
loci- to the previous model (Section 4.2.) is obtained. The 
effect on the roll mode is again only marginal in terms of 
frequency and damping, but in this case, the shape of the 
loci is Slightly altered. The tyre force mode is also very 
similar to the three degree of freedom model with tyre force 
dynamics, except that the frequency of the low speed 
oscillatory roots is now reduced by about one third. This 
will be due to the flexibility of the steering system now 
accounting for some of the overall stiffness of the front 
wheel and tyre assembly. The steering mode now included is 
of a high frequency type of shimmy motion, which is 
associated ,Qth low damping characteristics. 
The free control model is the final stage in the development 
of the mathematical model. This model has been developed in 
two stages; firstly without the tyre force dynamics included, 
and then the tyre forces included. 
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The effect of making the model free control, i.e. allowing 
the hand wheel to be freed, which introduces a further degree 
of freedom, is to alter the loci of the roots of the yaw 
sideslip and roll modes, and introduces a further low 
frequency mode which is oscillatory at low speed, splitting 
into two real roots at high speeds. The yaw-sideslip mode 
again has a root loci which consists of real roots at low 
velocity and complex conjugate roots at high velocity. The 
damping associated with this mode is now significantly 
reduced, which is consistent with Segel's findings (6), who 
in fact found this mode to be unstable under most conditions. 
However, for this model·, the mode remains stable except 
under severe conditions, e.g. increasing the inertia of the 
hand wheel. The high frequency shimmy motion of the 
steering system also exists, but in this c~se, the frequency 
is higher. The variation of the vehicle parameters produces 
similar results to the previous models with, once again, the 
suspension flexibility coefficient having considerable effect 
on the yaw Sideslip mode. 
The final stage in the development of the model is with the 
inclusion of the tyre force dynamics into the previous model. 
This has little effect on the yaw sideslip mode or the other 
low frequency mode, which has been identified as being dominated 
by the steering parameters. However, the roll mode is now 
completely modified, being more heavily damped at low velocities 
and of almost constant frequency over the speed range. 
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A stable linear free control model has been developed. By 
gradually increasing the complexity of the model, it is seen 
that the results become more difficult to interpret, e.g. the 
two 'yaw sideslip/steering' modes become very difficult to 
separate in terms of the eigenvectors (Section 4.6.). The 
degree of complexity achieved here would appear to be as far 
as it is desirable to go in order to achieve meaningful 
results. Having said this, however, it should be noted that 
response of the 'roll' and 'yaw sideslip' modes are not 
greatly altered in terms of frequency and damping at the 
higher velocities from the basic model. 
The model developed is therefore a useful platform on which 
to base any further work in the field of vehicle handling. 
s. Frequency Response 
5.1. Introduction 
In the investigation of the dynamics of the vehicle considered 
so far, the external stimulus to·the vehicle has been of no 
concern. This has enabled both the fixed control and free 
control mathematical models to be compared; however, since 
the actual mode of control of the vehicle falls between the 
fixed control and the free control cases, some further 
investigation is required. The response of the vehicle to 
a harmonic input will help to fill some of the gaps. This 
at first glance may appear to be an unrealistic type of 
input; however, in a paper by McLean and Hoffmann (29), it 
has been found that the majority of a driver's movements 
lie within ~he frequency range 0.05 to 1 Hz., and whilst it 
is acknowledged that·the driver's steering wheel movements 
are not harmonic, the use of the frequency response method 
of analysis is a very useful tool for analysing the response 
of the vehicle to external stimulii. 
The use of the frequency response technique is by no means 
new in the study of vehicle dynamics; indeed, in the classic 
work of Segel (1) he used the method to establish the 
validity of the mathematical models developed. This work 
has since been followed by many others, notably Mitscke (8), 
Weir (30), and Barter (13). 
The use of the frequency response method is also a necessary 
first step in the understanding of the driver vehicle 
interactions, and the assessment of vehicle handling. 
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Therefore, this section is an important part of the work, 
and lays the foundation for the next part of this project. 
Before commencing the discussion of the results, it is 
worthwhile to note the difference between the vehicle 
dynamics definition of frequency response and that of control 
theory. In control theory, frequency response is used as a 
measure of steady state behaviour; however, in vehicle 
dynamics terminology, the frequency response describes a 
transier,t condition, since the external foeces and control 
positions are varying with time; therefore, the dynamics 
of the vehicle are still under investigation. 
The frequency response method of analysis is complementary 
to the eigenvalue analysis, in that the most readily observed 
results show the natural frequency and give an indication of 
the damping levels. In the case of the eigenvalues, however, 
the damping and natural frequencies were associated with 
somewhat complex modes; in the case of the frequency response 
method it is the natural frequency and damping of the 
independant variables alone which are obtained. 
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5.2. Theoretical Considerations 
To obtain the frequency response the equations of motion which 
are written in terms of the Laplace transform variable, 
are now re-written using the substitution 
5 = j W 
which results in a set of equations which can be written in 
matrix notation as 
+ J 
The solution required is the ratio x 
-'/y 
x = 
as W , the frequency 
of the forcing function is increased. The derivation of the 
above equation and the solution is given in Appendix A2. 
Use was made of an existing program to compute the frequency 
response; this program is described at the end of this 
chapter. 
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Results 
As a first step in the ~iscussion of the results of the frequency 
response tests, a comparison between the three degree of freedom 
model and the final 'fixed' control model will be made. The 'fixed' 
control model is used so that the response of the vehicle to angular 
steering inputs could be studied, and hence compared with the results 
of other models and the experimental results of Barter and Little (13). 
The 'free' control model can only be used to study the effects of 
'force' inputs, since this model is based on the assumption that 
there are no external restraints on the steering system. 
In Figs. 5.1, 5.2, and 5.3, the response of the three body variables 
of yaw, sideslip and roll are plotted for both the three degree of 
freedom model and the fixed control model, over the frequency range 
0.1 to 10.0 Hz. The main differences between the amplitude response 
of the two models being that· the fixed control model'has a more 
'peaked' response, suggesting lower values of damping. The. 
frequencies of the peaks for the yaw response are :-
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From the above results it can be seen that the frequencies of the 
peaks are higher for the more complex model, which is repeated for 
both the roll and sideslip response plots. Apart from these 
differences, the amplitude response plots are very similar. 
Lookj.ng at the phase plots, the most apparent difference between 
the two models is the phase shift at high frequencies. 
e.g. 
Three degree 
of freedom 
model _840 
Fixed control 
model _2600 
w 10 Hz. 
The lower values of phase shift were obtained by both Segel and 
Barter when using a sllimplified model to 'fit' experimental results, 
whereas the experimental results showed that much larger values of 
phase shift were to be expected at the higher frequencies, indeed, 
comparable to those given by the fixed control model. 
At this point it is perhaps worthwhile correlating the theoretical 
results of the fixed control model with some experimental frequency 
response results. The work of Barter and Little has probably 
produced some of the best fr"quency response results on actual 
vehicles to date. These experimental results, and the theoretical 
results presented here, can only be compared by considering the 
characteristic shape of the curves, since the vehicles used by 
Barter and the vehicle considered here have different physical 
characteristics, e.g. mass, inertia, weight distribution, etc. 
In his report, Barter tries to fit theoretical curves to the 
experimental data, which is successful for low frequencies, but 
the experimental and theoretical curves deviate as the frequency 
increases. The fixed control model presented here, however, 
appears to satisfy the experimental conditions throughout the 
frequency range. For example, the yaw response of one of the 
vehicles used by Barter has a definite high frequency 'kink' 
which is similar to that of the vehicle used here, but the simplified 
curve fitting procedure does not reproduce this 'kink'. The 
magnitude and frequency of this kink is a function of the vehicle 
data, since by using the data given by Weir (30), the high frequency 
'peak' can be replaced by a kink similar to that observed by Barter, 
Fig. 5.4. Wier's data is again for an American car. 
The phase plot given by the yaw response of·the fixed control 
vehicle again satisfies the experimental conditions. The simple' 
three degree of freedom models limit the maximum phase shift to 
_900 • The phase shift, however, obviously exceeds this value, 
and at 3.5 Hz., the phase shift is _1200 (from Barter's results). 
This is a similar value to that predicted by the fixed control 
model. This improvement in the phase correlation is due to the 
inclusion of steering and tyre dynamics. Segel (1) found poor 
correlation between his theoretical and experimental phase results 
and explained this by the absence of tyre dynamics in his 
mathematical model. 
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These results, therefore, show that the three degree of freedom 
representation of the automobile is not an adequate representation 
of the system, and that it is necessary to include both the 
steering and tyre dynamics to obtain realistic results throughout 
the frequency range. Similar conclusions can be drawn from 
considerations of the roll and sideslip results. 
Parametric Study 
The effect of vehicle velocity on the response of the vehicle is 
seen from Fig. 5.5. The response of the yawing motion of the 
vehicle only is considered as this is the more oscillatory of the 
vehicle body motions, and therefore potentially the most unstable. 
At a velocity of 15 m/s, the yaw response is fairly flat up to 
1 Hz., with the second peak at 1.7 Hz., remaining unaffected. At 
30 m/s; however, the response again has a 'peak' at about 0.6 Hz., 
with the response above 1 Hz. being similar to that for the vehicle 
moving at 15 m/s. The reduced damping as the velocity increases is 
again the anticipated result, since the eigenvalue results were 
plotted for increasing values of velocity and it was noted that 
the damping of the body modes was reduced. 
In studying the effect of the vehicle parameters on the frequency 
response, the effects of the mass, and inertia, can be assesed by 
intuition, e.g. increasing the yaw inertia will reduce the 
frequency of the peak, so that only the suspension parameters 
are varied which produced the most significant changes in the 
eigenvalue results, i.e. front roll steer, and front and rear 
suspension flexibility coefficients. 
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The effect of reducing the front roll steer coefficient is shown 
in Figs 5.6 to 5.8. The more under steering the vehicle, then the 
more 'peaked' the yaw response. This is a well established result 
and the reason that too much understeer, whilst being desirable in 
the steady state, produces the underdamped dynamic response. As 
the vehicle becomes over steering then it is seen that the response 
ceases to be oscillatory (aoF = 0.1, Fig. 5.6.), and the amplitude 
d"lP" 
falls away rapidly from the large magnitude at low frequency, and 
merges with the response of the under steering vehicle above 6 Hz. 
The large 'yaw gain' at low frequency is, of course, the reason 
for the over steering effect, i.e. at zero frequency the gain is 
infinite. 
By including the lateral flexibility effects of the suspension 
system, the response of the vehicle can be altered quite considerably. 
This has, of course, been noticed both in the steady state and 
eigenvalue results. To study the effects of the flexibility 
coefficients on the vehicle response, the extreme values which 
increased and decreased the 'static stability' (Fig. 4.1.8.) were 
used for both the standard vehicle (roll steer coefficient 0.32) 
and a vehicle with zero roll steer (reduced understeering). The 
results are shown in Fig. 5.9. and 5.10. For the vehicle with 
standard roll steer, Fig. 5.9., the values of the coefficients 
which reduce the under steering ~~~ = 2, ~~ = -2) increases 
the amplitude of. the yaw response and reduces the frequency of the 
peak. Reversing the signs of t.he flexibility coefficients 
(-2,. 2) reduces the amplitude of the.response and increases the 
frequency of the peak. These results are in agreement with the 
eigenvalue results. 
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For the vehicle with reduced under steer characteristics, Fig. 5.10 
~~F 0.0) the vehicle becomes oversteering for flexibility 
coefficients of (~~ = 2, ~~ = -2). This was observed in 
the steady state results, Fig. 4.1 .. 8. For the other combination 
of coeffients, the vehicle becomes more understeering with a peaked 
response, the peak occurring at approximately 0.61 Hz. 
Once again, the response of the vehicle can be considerably altered 
by the inclusion of the flexibility terms. From the frequency 
response results, it is noticed that the degree of alteration 
depends upon the basic vehicle configuration, i.e. the flexibility 
coefficients would need to be excessively large to make the standard 
vehicle (~~F = 0.32) oversteer. However, for a vehicle which is 
only just under steering , then the effects of suspension flexibility 
can be critical. So that by ignoring the effects of suspension 
lateral flexibilities, the automobile engineer is dis-regarding a 
useful way of obtaining the desired steady state handling 
characteristics without making the vehicle too understeering, which 
gives the underdamped oscillatory yaw response. 
159. 
1.0 
1---
--
I r I --
-
0.0 
-0.6 
o -
---
--
-120 
- 240 
- 360 
0.1 
t-
-.., 
-
r:::: V I---
V 
"-
" ' ,
-
--
'" 
0.32 
0.2 
-0.1 
1'-_ 
1'f:lr-. 
I\~\ ~ 
,\ L' 
'" \.:::J1"-- r- '..~ ~ " 
I~ 
. 
~ 
, ~ ..... ~f::: 
" 
t' ..... - ...... 
'-' ~ 
"'", 
1.0 
FREQUENCY RESPONSF. OF vmIICLE TO ST8ERING INPUT 
FIG. 5.6 
160. 
" 1\ 
1\ 
'\ 
\ 
r\ 
10.0 
161-
dli~ 
= diP o 'l') • .J~ 
--- %'= = 0.2 
----- -
'dli, 
= -0.1 at/> 
- ---
---
-- t-_ 
-
-
I" 
'" ~-
I si ----~ . ""'" r--... r---
"' 
'" 0.0 t'-
-1.5 
o 
- ~ 
--
~ ..... ~ " , 
, ~'" 
--
-120 
t-, \ 
--
"- '\ 
Ii /""'\ / ~\ '"._.".._ ............ , I\-
-240 
-, 
~ 
'" "-1\ 
-360 1\ 
0.1 1.0 10.0 
FilEQ.UENCY Hz 
FREQ,UF.NCY RESPONSE OF VEHICLE TO STEERING INPUT 
FIG. 5.7 
0.8 
0.0 
o 
-120 
-240 
-360 
f-- ___ 
-
..... 
1--- r-
i', 
----
t,-
--. 
f'- t' 
-~ t;.. ..... 1-. 
--. r--::: 
-... l=:::::: ..... ~ 
..... 
1'-
. -
, 
0.1 
~~= 0.32 
--- ~~= 0.2 
t1~ 
~ ~ ~ 
" '" 
"" 
~I,< .~ I-l'~ 
. ' \\ 
,~ 
. '-, ~ 
'" K ~ 
1.0 
f\. 
FIlBQUENCY Hz 
FIlEQUENCY RESPONSE OF VEHICH: TO STRERING INPUT 
FIG. 5.8 
\ 
\ 
1\ 
1\ 
[\ 
1'\ 
I' 
10.0 
1(-,.3_ 
'd5F 
= 0.32 d~'F ODY' ati aYF ~ 
----- 0 0 
---- +2 -2 
-2 +2 
1.0 
v f-r-
I~ I r----
-- " 
, ~ 
/" 
/ .~ 
--
-- V 
·hr ---- / ~~ 
--- '\~7 ~ :" ~, i'--
K " 1\ , 
0.0 
i\ .\ \ 
\1' 
-0.6 
,\ 
'1\ 
o - 1\ 
'--..., 
1", " "-, "-
" 
, ~ :'-- 'l '~, 
-120 I~ ~ 
""-': ~ 
" \ 
1\ 
-240 
I' 
-360 
0.1 1.0 10.0 
1'I1EQ.UENCY Hz 
FRrX),UENCY RESPONSi,: OF v"l;;ilICI,F! TO STERRING INPUT 
FIG. 5.9 
16L: ' 
o 0 
--- +2 -2 
-- --- -2 +2 
1,0 
r----
......... 
..... -......... 
" 1'--_ 
It I ..... ~ -- I- I~ 
---
---
0, a 1\ = 
--~ K' "'-
.... , t--l' 1', 
'" 
.... 
i'- '\ \ 
~ 
1', \ 
-0. 
\\' 
- 1--, I', 
- r----. ..... \ 
--
-----. - r-- -...... "-r, 1-- r-
'" 
-
- .., 1- ~ t-.. 
~ ~ 
-12 
"1 
1\ 
I' 
- 24 0 \ 
-36 0 
0.1 1.0 10.0 
FimlUENCY Hz 
Fnr.:Q.Ul!;]')CY 'i":,;l'mr:i}:; OF VEHICLE TO ST~!EHING INPUT 
FIG. 5.10 
5.4. computer Program to Compute the Frequency 
Response of the Vehicle 
To compute the frequency response of the vehicle, it is 
necessary to invert a complex matrix and then multiply this 
new matrix by the system matrices to obtain the real and 
imaginary parts of the system vector x. Use was made of 
an existing program to do this, which requires that a 
MASTER program be written which sets up the real and 
imaginary parts of the system matrices (A and B) and also 
the forcing vector, C. A subroutine HFSCLE is then called 
which computes the real and imaginary parts of x. Since 
the results are presented in the form of Bode plots, it is 
then necessary to compute the amplitude and phase associated 
with the vector x. This is done by calling subroutine FRPH 
which computes the amplitude of each of the independant 
variables and also the associated phase angle. At this 
point, the location of the vector representing the response 
has not been considered, so that subroutine PHASE is called 
from FRPH to·determine which segment the phase angle is 
located in. The results are then printed out as amplitude 
and corrected phase angle for each of the variables at the 
specified frequencies. 
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PART II 
1. Introduction 
The assessment of the way a vehicle handles is one of the most 
important areas in the development of a new car. At the present 
time, the method used to evaluate the handling of a particular 
vehicle is to use experienced test drivers who have developed 
a 'feel' for the way vehicles react under various types of 
input, and know the limitations of the general public to cope 
with these situations. The suspension ~nd steering geometries 
are then modified until the test driver decides that the best 
possible vehicle configuration has been arrived at. This 
method appears to be adequate, but it does mean that the 
desired handling qualities cannot be designed into the vehicle, 
but must be developed on a completed vehicle. To try to 
determine the response of drivers under various conditions, 
some methods of objective testing have been tried(31). 
In this type of work, the driver is asked to negotiate various 
courses, and the response of the vehicle is recorded. Then 
the differences between various vehicles and drivers can be 
compared. In another work, a variable stability vehicle was 
designed and built, aild then the effects of changes in vehicle 
parameters and different drivers investigated, again using a 
specially designed course (12, 32). The work done in this 
area, whilst providing more information on the driver vehicle 
response, and the effects of vehicle parameters on this response, 
does still not provide the designer with a method of building 
.in the desired handling guali ties. 
• 
It is with this obvious lack of knowledge, and ",i th a need 
to try to evaluate the effe·cts of certain parameter variations 
on the handling qualities of vehicles, that this part of the 
",ork was undertaken . 
i6B. 
1.1. Review 
The majority of·the research work into the assessment of 
vehicle handling qualities has been concerned with the 
longitudinal motion of aircraft, with some reseach having 
been done on automobile handling as a direct result of this 
work. The transition from aircraft to automobile handling 
is not too drastic a step, since the dynamics of the longitudinal 
motions of aircraft and the lateral motions of cars are very 
similar, viz. 
typical values W n and 
0.6 0.7 Aircraft 
0.9 0.7 Automobiles 
The method of assessment of automobile handling which follows 
is based on four requirements of the driver/vehicle system; 
the cross-over frequency, closed loop phase margin, human 
lead capabilities, and vehicle damping. This review will 
look briefly at the present state of the knowledge. 
The simple cross-OVer model of the human driver represents 
him as a pure t.ime delay, and the requirements of a good 
control system are that the driver adjusts his describing 
function so that the open loop driver/vehicle transfer 
function is of the form 
y y C·"')= D C'j Wc 
_j WT 
e 
j W 
This is the basic model used by many researchers when 
investigating single loop closures. 
this simplified model many times ( 
McRuer has proposed 
33 39) and 
suggests it as a.good approximation~r the control of the 
lateral motions of an automobile. In an early work by 
McRuer et al (33) some basic rules with regard to·cross-
OVer frequency are given; these being related to pilot 
opinion. 
The first rule indicates that good opinion can be achieved 
by making the cross-over frequency greater than the forcing 
frequency bandwidth; this applies nominally to systems 
which can be approximated to a first Or second order mode. 
The second rule states that for systems where first and 
second order modes are required to adequately approximate 
the dominant closed loop dyrwmics, an additional necessary, 
but not sufficient, requirement for good opinion is that 
s > 0.35 
The third rule again refers to the cross-over frequency and 
indicates that where the cross-over frequency Wc cannot be 
made greater than the cut-off frequency W co, involves extreme 
effort on the part of the operator to overcome this deficiency, 
and is also associated with exceptionally non-linear pilot 
response. 
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These were the conclusions reached by McRuer in 1960. Since 
that time, several papers have been published by McRuer and 
his associates based on the work of the 1960 papers. In a 
paper published in 1962 (39) the conditions which necessitate 
the driver using adaptive and optimalizing equalization and 
gain adjustment are put forward. The general form of the 
equalizing function is :-
Kp (TL s + 1) 
(TI s + 1) 
This function is necessary, since the reaction-time delay 
and neuromuscular lag are relatively unalterable. The human 
operator may therefore choose anyone of the follOwing 
functions to modify his controlling actions :-
1 • Pure gain l' L TI 
2. Pure lag TL 0 
3. Lag-lead TI > TL 
4. Pure lead TI 0 
5. Lead-lag TL ::>- TI 
The conditions which determine the form of equalization are 
given below :-
T I Generated if :-
1. Necessary for good closed loop frequency response 
and 2. The lag term will introduce de-stabilizing effects 
at higher frequenc~,which may be overcome by 
introducing lead. . 
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TL Generated if :-
1. It is necessary for system stability 
and/or 2. To partially compensate for reaction time 
and neuromuscular lags 
or 3. In an attempt to increase cross-over frequency 
(..).0 when the input bandwith is large,i.e. to 
make w 
c 
> 
Kp Adjusted for :-
1. Overall system stability with phase margin, 
<j> nominally 40 < cP < 80.degrees. 
rn m 
and 2. Constant w as long as w > 
c c 
So that the human operator generally attempts to adopt an 
equalizing form, so that the basic rules concerning CVDSS-
over frequency and system stability are obeyed. 
Also in this paper, reference is made to the McRuer(33) 
report in which the studies to attempt to find a relationship 
between pilot lead and opinion is made. Here again, the fact 
that opinion is de gradated by lag or small values of lead is 
noted. This is in agreement with the work of Sadoff(40) 
where TL is recommended to be less than 0.2 secs. Below 
this value, pilot opinion is degraded by 1 or 2 points on 
a 10-point scale, but above values of 0.2 secs. the opinion 
falls rapidly. Again, the pilot operates in an increasingly 
non-linear manner as the value of lead time constant increases. 
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The problem of correlating driver lead to opinion is looked 
.at more closely in a later section. 
In the introductio':! to this Review, reference was made to 
the vehicle damping. In many early papers on aircraft 
handling, plots of vehicle damping against frequency are 
drawn as contours defining regions where pilot opinion is 
either good for a group of configurations, acceptable or 
poor (14). Barter and Little(13) tried to use these 
contours for some tests on four different automobiles. The 
results show that although in all cases the damping is of 
the desired magnitude, the frequency is too high. However, 
the idea of a contour plot of some description appears to 
be the best way of presenting the results, since there will 
never be a single optimum vehicle, owing to the variability 
of drivers and the element of personal preferences. Some 
work has been done to try to assess the variations in human 
. driving behaviour; Kelley(h1) used a frequency based system 
to compare drivers, and determined that frequency differences 
between individuals may reflect differences in braking style. 
Greenshields(42) found that the more experienced driver used 
a lower frequency steering action than the less skiiled driver. 
Therefore, the frequency response of the driver vehicle system 
is an L~ortant factor in the assessment of vehicle handling. 
McLean and Hoffmann(29) found from experimental work that 
drivers make most of their control movements within the 
frequency range 0.1 Hz to 0.3 Hz, with some secondary peaks 
in the region 0.35 to 0.6 Hz. 
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The lIuman Tran"ror Function 
The human operator is perhaps the most complex system to 
attempt to define a transfer function for. Consider the 
range of control operations he is capable of, from controlling 
a pogo stick to landing a space craft on the moon. It is 
perhaps for this reason that it has only been in recent years 
that the use of the human transfer function as a design tool 
has been recognised. It is now possible, using power spectral 
and correlation techniques, to define a quite accurate 
transfer function for a human controller. This, however, 
is based on experimental techniques, which is not of concern 
in this present work. 
The development of analytical methods for defining the human 
transfer function come from experimental methods and have 
been applied quite successfully to the assessment of the 
longitudinal handling qualtities of aircraft. The subject 
of the human transfer function in this context is well 
documented ( 35, 38, 39,); all that this section is 
intended to do is to demonstrate the features of the human 
model in relation to the driving of a road vehicle. The 
aircraft similarity, once again holds, since the dynamics 
of the longitudinal motions of an aircraft (especially 
military planes) are similar to the lateral motions of an 
automobile. 
1?.3 . 
The Linear Transfer Function 
Consider the simple closed loop control system shown in 
Fig. 1.1. From this, it is seen that the human operator 
observes the error between the random appearing forcing 
function input and the system output. This is, of course, 
true for the operator in the driving task, since the driver 
is continually changing his output to comply with road 
variations, i.e. he observes the required road position, 
and knowing his present position, corrects the motion of 
the vehicle accordingly. The two important factors in 
Fig. 1.1, which affect the driver are the nature of the 
input and the dynamics of the controlled elemen~ in this 
case, an automobile. The human attempts to adapt to both 
so as to maintain a stable system and small error. To do 
this often requires considerable effort from the human, 
since his dynamic characteristics are limited by reaction 
and neuromuscular time delays and limited equalization· 
. ability. A more detailed human operator model is given in 
Fig. 1.2. The human as an operator is broken down into 
three blocks .-
1. The neuromuscular actuator system 
2·. Communication and computation delays 
3. The adaptive equalizer 
The first two blocks are the result of physiological factors 
and cannot be controlled. The last block is variable and 
responds to the dynamics of the situation. Mathematically, 
the blocks are defined as follows :-
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1." Neuromuscular Actuator System (N.A.S.) 
This is the output block of the human and converts 
the command signal from the brain to muscular action. 
There is a delay in this response, which is usually 
represented by a first-order lag. 
Response of N.A.S. 
The neuromuscular time constant, TN is of the order 
of 0.1 secs., and since the frequency range of interest 
is up to 1 Hz, then the first-order lag can be 
represented by a pure time delay. 
Response of N.A.S. -
-T s 
e N 
2. Connnunication and computation Delays 
This is a pure time delay term and is represented 
-Ts 
accordingly as e . It has been found that the time 
constant T for an individual is constant and of the 
order of 0.2 secs. for most people. Certain specialist 
groups of people, e.g. pilots, have slightly faster 
time constants. 
3. The Adaptive Equalizer Block 
This is the block in the human transfer function which 
is adaptable, i.e. compensates for varying dynamic 
situations. Its mathematical representation is shown 
below :-
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+ 1 
+ 1 
The gain term K allows the sensitivity of the control p 
to be changed and the time constants TL and Tr 
allow the lead, lag characteristics to be' controlled. 
For the human to adapt to some dynamic situations requires 
considerable effort. Consider firstly the driver model 
with no lead lag equalization 
The.pilot therefore outputs the error signal, scaled by a 
factor Kp and delayed by a time (T .. TN). This is not 
too difficult a situation for the human to adapt to. 
If the system requires pure lead equalization ( TL s .. 1) 
then the driver must respond as previously, but now not only 
to the error, but also to the rate of change of error which 
will not be visually detectable by the driver. This therefore 
requires more effort, and the effort increases with the 
weighting applied to the rate of change of error term, i.e. 
as the value of TL increases. Comfortable levels of lL 
have been found to be below 1.0 ·sec. or even less than 
0.2 secs. (40 ) • 
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For the pure lag situation (l/(TI s + 1) ), the driver 
responds to a combination of control displacement and rate. 
This is easier for the human, since he is directly controlling 
rate rather than firstly having to estimate it. In the case 
of pure lag, comfortable levels of TI up to 10 secs. are 
common. This seems to substantiate the above expectations. 
In most cases, the driver will adopt an equalization form 
which is compcsedof both lead and lag terms, but the primary 
effort will be concerned with the lead term, thus indicating 
a method of assessing driver effort. 
The model described above assumes the driver to respond in 
a linear manner to all external stimuli, which is true for 
most driving situations. All the non:-linearities are usually 
defined by a power spectral term known as the remnant. 
Definition of the Driving Task 
As with all methods of mathematical modelling, various 
assumptions and approximations must be made so that a 
simple yet realistic mathematical analogy with the real 
situation can be arrived at. When considering the task of 
driving a car and then trying to evaluate the driver vehicle 
system, it is first necessary to define the variables which 
are of direct interest. To arrive at these variables, 
consider the complete driving task. 
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The task of driving a car is a complex operation for the 
human driver. Neglecting the fundamental operations of 
moving off from a standing start, changing gear, etc., ·the 
driver must control his vehicle in such a manner as to 
avoid colliding with other vehicles and stationary roadside 
objects. This involves him in maintaining a safe distance 
between himself and the vehicle in front, i.e. estimating 
relative speeds and distances, keeping a safe distance from 
the edge and centre of the road, i.e. estimating lateral 
distances, and to maintain the vehicle at the correct heading 
angle, which is changing for most of a journey, i.e. estimating 
the required correction in heading angle. The parameters 
mentioned above are necessary for a driver to be able to 
control his vehicle in a normal highway situation, and this 
is without involving him in passing manoeuvres or turning 
onto or off the main route. These parameters are also being 
monitored, simultaneously for the entire journey. All this 
adds up to a very complex situation, especially for the 
purposes of a mathematical analysis of the human driver. To 
simplify the system it is necessary to once again consider 
the handling or lateral motions of the automobile in isolation. 
A further simplification is to consider there to be only one 
vehicle on the highway at anyone time, with no roadside or 
highway obstacles. It may now be apgued that the system is 
over-simplified, but if this situation can be understood, 
then some of the constraints could be applied later. 
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The simplified driving situation now involves the human 
operator in monitoring the heading angle, and lateral 
displacement of the vehicle and their associated rates of 
change, i.e. yaw rate and sideslip velocity, and in severe 
cornering, he will also use the sensation of lateral 
acceleration to assist in his control actions. To include 
all these parameters into a model would require the use of 
multivariable control theory to obtain a solution. This 
may, however, ignore the cross coupling between the various 
parameters. As a first stage, therefore, the yaw rate will 
be considered as the control parameter, so that a single 
loop control system may be studied. 
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2. A Method of Driver Assessment 
2.1. Introduction 
A method of driver assessment is now described, which is 
based on an intuitive knowledge of the way in which the 
driver controls his vehicle. The method is based entirely 
on the frequency response results of Part I, and is 
therefore a natural progression in a first attempt to find 
a theoretical method of driver assessment. The method by 
its very nature does not follow the rules determined by 
previous researchers; however, the method shows that the 
use of a simple criteria is not a satisfactory method of 
assessment. 
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2.2. Description of the Method 
In order to be able to assess the handling qualities of a 
vehicle, it is necessary to determine the effort required 
by the driver to control the vehicle. 
From the results of the frequency response tests on a 
vehicle, it was seen that the amplitude of the yaw response 
varies over the frequency range. However, for a car to be 
.driven safely it is desirable, although it is not always 
possible, for the output of the driver/vehicle system to 
be constant over this frequency range. For this condition 
to be satisfied, the amplitude response of the driver should 
be such that the overall system response is a horizontal 
line. This means that the more unacceptable the handling 
qualities of the vehicle, i.e. a vehicle with a very peaked 
response or one that falls away rapidly, then more effort 
will be required from the driver to achieve a constant 
amplitude response from the system. Therefore, determining 
the response required from the driver will give an 
indication of the effort, and so the handling qualities of 
the vehicle with respect to yaw can be assessed. 
In order to be able to compare the driver effort for 
different vehicles, some method of determining a number 
which will represent· the driver effort is required. This 
can most easily be done by computing the area of the driver 
response curve, i.e. subtracting the area under the idealised 
constant amplitude response curve from the area under the 
vehicle response curve. 
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This process will, however, give positive and negative 
results and hence not produce a minimum value. To overcome 
this, the function can be squared. In addition to this, 
the frequency response curve of the vehicle should be normalised 
so that the different vehicles can be compared from a datum 
point. The normalising factor chosen is the zero frequency 
amplitude. Therefore, at zero frequency, the amplitude of 
the normalised yaw response is equal to the amplitude of 
the idealised response, unity. 
The figure produced by the process will be known as the 
Index of Driver Performance (I.D.P.). The mathematical 
manipulations can be described by the following function • 
I.D. P . 
. where few ) is the yaw rate amplitude as a function of w 
f( 0) is the yaw rate amplitude at zero frequency 
W W 
l' 2 
are the limits of integration (frequency 
range) 
According to the above criteria, therefore, the vehicle 
which requires the least effort from the driver will give 
the lowest value to the I.D.P. 
The procedure adopted can be summarised as follows :-
1. Obtain the vehicle yaw rate response over the 
selected frequency range 
2. Normalise this response to the zero frequency 
amplitude. 
3. The area under the normalised response curve and 
the idealised response curve should now be computed 
and subtracted. But the area under the idealised 
response curve is given by :-
rW2 1 • dw JW1 
Since the amplitude of the normalised ideal response 
curve will be unity .Fig. 2.1. 
. I.D.P. lW~ dw - l.dw Wl 
= 
This may result in negative quantities and hence a 
minimum value will not be attained. To overcome this 
problem, the function is squared before integration. 
I.D.P. =lW2 [few) - f(0)]2 dw 
,W 1 f.(o) 
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The frequency range considered is from 0.01 Hz to 1 Hz 
since 1 Hz is considered to be the cut-off frequency 
used in·the later work. 
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2.3. Results 
The results are presented in Fig. 2.2. The mathematical 
model for the vehicle is the fixed control model used in 
frequency response tests. To enable various vehicles to 
be compared, the front roll steer coefficient is varied 
from -0.1 to 0.4. With a roll steer coefficient of -0.1 
the vehicle has neutral steer characteristics so that the 
results of an·oversteering vehicle can be extrapolated 
from the curves. It is generally accepted, however, that 
an oversteering vehicle is undesirable. With a roll steer 
coefficient of 0.4, the vehicle has a large degree of 
understeer. 
From the results it can be seen that as the forward velocity 
increases, then the shape of the curve becomes more pointed 
and the I.D.P. increases rapidly as the vehicle becomes more 
understeering or more oversteering. Also at high velocities 
(45.2 m/sec) the understeering vehicle receives a higher 
score, indicating increased driver effort than the neutral 
steer vehicle. 
Another interesting result is that as the speed of the 
vehicle increases, then the optimum vehicle (i.e. one with 
the lowest I.D.P.) becomes less understeering, viz :-
vehicle velocity m/sec 22.8 30 37.6 45.2 
for minimum I.D.P. 0.3 0.14 0.05 0.01 
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This can be explained by the fact that the yaw response 
becomes more peaked as both the velocity of the vehicle 
increases and the vehicle becomes more understeering. 
Hence at 45.2 m/sec the· optimum vehicle will have a lower 
roll steer coefficient, and hence the vehicle will be 
less understeering. 
At a velocity of 22.8 m/sec, the I.D.P. decreases as the 
roll steer coefficient increases; however, betwen 0.2 and 
0.4 the I.D.P. varies by only 0.04, being a minimum when 
= 0.3. So that at low velocities, the effort required 
from the driver does not vary significantly as the vehicle 
becomes more understeering. 
From these results, the overall conclusions are that the 
design parameters of the vehicle must become more critical 
with respect to driver effort as the speed of the vehicle 
increases. Also, a constant driver effort over the speed 
range is not possible for a vehicle with a large degree 
of understeer. 
0.3 
Vehicle velocity (m/sec) 22.8 30 37.6 45.2 
IoD. P. 0.14 0.44 1. 15 2.35 
So that if this criteria were to be used to select suitable 
suspension/steering parameters, a compromise would have to 
be made between the driver effort required at low speed to 
that at high speed. 
Therefore, further information is required to be able to 
make the correct choice. For the vehicle considered here 
the optimum choice is the vehicle with a front roll steer 
coefficient of 0.0. For this configuration, the driver 
effort is constant over the speed range; however, for this 
particular vehicle, the steady state results have been shown 
to be undesirable. 
These results are therefore dependant upon the damping 
associated with a particular vehicle, since for most 
understeering vehicles, the yaw response is under-damped. 
This shows that the damping is an important factor to be 
considered, but to be able to take into account other 
conditions, further criteria must be used. 
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2.4. Computer Program for Computing the Index of 
Driver Performance 
The program is based on the frequency response program 
described in Chapter 5 of Part I. The additions to the 
program are that the steady state values are calculated 
in subroutine SSSOL. The function 
(
f(W) _ f(O)) 2 
f(o) 
is then computed in subroutine' RJWA and the area which 
defines the LD.P. 'is then calculated in subroutine 
SIMP. The program is written so that the I.D.P. for 
several values of front roll steer coefficient'can be 
calculated. 
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3. An Improved Method of Driver Assessment 
3.1. Introduction 
From the review of literature concerning the handling of 
·vehicles, a set of criteria emerged which, if observed, 
should given an indication of the handling qualities of 
the vehicle. In the previous chapter, a method of 
assessment was proposed which was based entirely on the 
amplitude response of the driver vehicle system, and 
whilst partially observing certain of the rules, i.e. 
those concerned with the cross-over frequency, no account 
was taken of the phase margin. In the McRuer(33) report, 
special significance is placed on the phase margin, and 
from results taken, the indications are that after the 
describing function parameters have initially adjusted to 
the pilot equalization form, they are adjusted so that the 
system phase margin is between 60 and 110 degrees. Since 
the phase margin is a measure of relative stability, a phase 
margin of 110 degrees appears to demand very careful control 
of.the system; therefore in order· not to place too high a 
demand on the driver/vehicle system, a phase margin of 60· 
degrees has been adopted as the criteria. 
The object of this method, therefore, is to look at the 
demands placed on the driver in order to achieve the 60 
degree phase margin. The measure of the demands in this 
case will be in terms of the amount of lead which the driver 
must adopt in the equalization factor. The response of the 
system must also satisfy the cross-over criteria and the 
vehicle damping factor will also be taken into account. 
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3.2. Driver Characteristics Related to Effort 
In the Review, mention was made to the degredation of pilot 
opinion as he is required to increase his lead equalization. 
A deeper investigation is now required to determine whether 
this is a valid method of rating driver effort. An 
experimental investigation would be the most useful, but as 
time did not permit this, the results of previous researchers 
are used. 
The work of Sadoff(40) appears to be the most relevant, 
since he has attempted to determine the preferred mode of 
pilot behaviour, and so has investigated each of the 
parameters of the pilot describing function in turn, and 
pays special attention to the gain and lead levels. From 
this work, Sadoff postulates that the pilot will try to 
attain the best performance possible, with the minimum 
utilization of lead. The use of lead means that the driver 
must operate upon error rate information which is not 
directly observable, and therefore in the optimum conditions, 
the human prefers to operate as a pure gain change. This 
must mean that to adopt lead characteristics requires effort 
on the part of the operator, and the greater the lead 
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demanded, the greater the effort required. In addition to 
thiS, the human is unable to exhibit large gain characteristics 
at the same time as adopting lead equalization, which further 
suggests that the effort required by the pilot increases with 
lead. 
The McRuer paper (33) suggests a method of correlating the 
lead equalization factor with opinion. The most suitable 
parameter found against which to relate .. . (T ciA) opUll.on 1S L d]J 
where is the slope of the high frequency driver 
amplitude ratio expressed in decibels/ 
decade. ,The amplitude factor ollly is used, since the phase 
is contaminated with the effects of reaction time delay, 
whereas the amplitude response contains only the effects 
of pure lead/lag terms. Having decided upon this particular 
slope, it will be worthwhile to take a look at the slopes of 
the pilot amplitude response plots under varying conditions. 
The pilot model assumed in the McRuer report is of the form :-
where 
Y (s) 
. P 
-s T ( K e TLs + p 
= lead break frequency 
1/Tr = lag break frequency 
1 ) 
1/TN neuromuscular lag frequency 
T reaction time delay 
Since in this case only the slope of the amplitude response 
curve is of interest, the pure gain (Kp ) and the reaction 
time delay term ( -s T e ) can be ignored, and the slope of 
the modified transfer function Yp1 investigated. 
y 1 (5) = 
P 
(T L 5 + 1) 
(T r 5 + l)(TN s + 1) 
195. 
196. 
A typical asymptotic approximation of the amplitude response 
curve is shown in Fig. 3.1. In this diagram, the following 
assumptions are made :-
0.1s 
From the diagram, the high frequency slope is (-)20 dB/decade. 
Therefore I~I = dA 20 dB/decade, and so the term TL ~ can 
now be normaltsed to give the lead term alon~which can now 
be compared against the pilot rating directly Fig. 3.2. 
It should be noted that only under the conditions stated 
above can this normalising operation be allowed. From the 
resulting curves, several. points emerge. 
The first is that the graph is drawn as a band which indicates 
the uncertainty of this type of correlation; however, since 
the original results were for experienced test pilots who 
could be expected to cope with severe situations and give 
reasonable ratings, the poor end of the lead/rating curve 
will be used. Looking at this line, for a lead of 1 second 
the rating is 7 which is poor +. This is a better rating 
than expected from the Sadoff( 40) results. Also for very 
low values of lead, the best rating to be expected is good -, 
"hich is a poor rating. However, the results show that the 
opinion decreases slowly as lead increases up to a value of 
0.8 seconds, and after that, the opinion drops more rapidly. 
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From this graph, an unacceptable rating is given when the 
lead is 1.25 seconds, so that the limit of 1 second as the 
boundary between acceptable and unacceptable, seems to be 
justified. 
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3.3. The Method of Assessment 
From the preceeding sections, the set of criteria which have 
emerged on which a method of handling assessment can be 
based, are :-
1. The driver lead should be such that at least a phase 
margin of 600 is attained at cross-over, which, to 
satisfy the cross-over conditions, should be at a 
frequency of 1 Hz. 
2. The damping ratio of the vehicle should be not less 
than 0.35 to satisfy the damping requirements of 
the driver vehicle system. 
3. The maximum level of driver lead should be 1 second; 
however, the results~O) have shown that the level 
should be less than 0.25 seconds for a human operator 
to achieve optimum performance,. 
In order to use the above criteria to test a range of vehicles 
it was decided that the standard vehicle be used and the front 
roll steer coefficient again varied to produce the different 
vehicles, i.e. understeering to oversteering. To produce 
these changes, the roll steer coefficient is varied from 
+0.5 to -0.1. 
To determine the amount of driver lead required to achieve 
60 degrees of phase margin at 1 Hz, the response of the yaw 
mode of the vehicle is computed (in terms of a complex 
number); the driver response also computed (as a complex 
number), both being excited at 1 Hz. 
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The response of the driver/vehicle system is then given by 
the product of the individual responses. From this response 
the amplitude and phase of the open loop system can be 
readily calculated, and so the phase margin of the associated 
closed loop system can also be calculated. The driver lead 
is then increased for a vehicle at a particular speed and the 
results are plotted as phase margin against lead, see 
Append:iJ<.A5.· This was repeated for the various vehicles 
throughout the speed range. The results are condensed into 
the form sho,m in Fig.3.3., which is a plot of driver lead 
to give 60 degrees phase margin at 1 Hz, plotted against 
vehicle velocity, for the range of vehicles considered. 
From this plot, it is apparent that as the forward velocity 
of the vehicle increases, then the amount of driver lead 
required to maintain a phase margin of 60 degrees also 
increases. This is an :interesting result, sinee although it 
appears intuitively obvious, the figures to support this are 
not to be found in the literature. Also from the graph, it 
can be seen that as the vehicle becomes more understeering 
then the demands placed on the driver are not significantly 
different. This result was also observed in the previous 
method, but for lower velocities only. This means that by 
making the vehicle more under steering does not improve the 
handling qualities of the vehicle, and in fact, the handling 
qualities deteriorate at high speeds by method one. 
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If a line is now drawn through the 0.25 secs. driver lead 
value (N.B. the driver lead has been multiplied by 10 for 
the purposes of computation and has been left at this 
value), then it can immediately be seen that the vehicle 
:with a front roll steer coefficient of -0.1 requires lead 
values in excess of 0.25 secs. over the entire speed range, 
whereas the vehicle with a roll steer coefficient of 0.4 
requires values of lead less than 0.25 seconds over the 
entire speed range. A roll steer coefficient of 0.35 would 
just satisfy this criteriaAup to 45 m/sec. 
The damping of the vehicle is the other major criteria to 
be satisfied. The damping of the yaw-sideslip mode is 
easily determined from the eigenvalue results, and the 
damping values of each of the vehicles over the speed range 
are given in Fig. 3.4. From these results it is found 
that the understeering vehicle is more lightly damped than 
the oversteering vehicle, and also that as the forward 
velocity of the vehicle increases, then the damping of the 
yaw-sideslip mode reduces. Therefore, the under steering 
vehicle with a roll steer coefficient of 0.4 now has values 
of damping of less than 0.35 for a forward velocity in 
excess of 36 m/sec, so that although the driver lead 
requirements are satisfied by this vehicle, the dynamic 
characteristics of the vehicle are not suitable. Plotting 
both of these figures as a carpet plot, Fig. 3.5., now 
produces an interesting result. If the constraint lines 
are now drawn at TL = 0.25 secs. and S = -0.35 then an 
area is produced within which the vehicle will have acceptable 
handling characteristics. 
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However, for some of the vehicles, for example the vehicle 
with a front roll steer coefficient of 0.1, this will have 
acceptable handling characteristics only for speeds.up to 
23 mVsec, which is below the·permitted legal speed limit 
in .this country. Therefore, if' a minimum speed limit of 
30 m/sec. is added as a further criteria, i.e. the vehicle 
must have acceptable handling characteristics above 
30 m/sec., then the region of acceptable vehicles is reduced 
to the shaded area shown in Fig. 3.5· Looking at this area 
it can be seen that the vehicle which will remain acceptable, 
up to the highest speed, will be one with a front roll steer 
coefficient of approximately 0.32 which was the value for 
the coefficient chosen by the manufacturers for this 
particular vehicle. 
Perhaps in addition to the constraints mentioned above, the 
vehicles which are most understeering, in this case wher. 
aOF > 0.4, should receive further penalties. This is 
a$ 
necessary if the results of the first method are used as 
part of the overall assessment. This would then reduce the 
shaded area still further. 
A method has now been developed which enables an area to 
be defined within which a vehicle with acceptable handling 
characteristics can be defined. 
This method is based entirely on theoretical considerations, 
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and before further work is attempted, some of the simplif'ications 
must be validated experimentally. 
The true relationship between driver lead and effort must 
be established as a first step, and also the relationship 
between the r.D.p. and effort. The method can then be 
developed to investigate the other vehicle parameters. 
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J.L. Computer Prugram 10r Assessment of Vehicles Handling 11 
This program is required to compute the phase margin 01 the 
driver vehicle system as the degree 01 driver lead (TL ) is 
increased. The program is based on the lrequency response 
program 01 Section 5. The response 01 the driver. model to 
a sinusoidal input is computed in subroutine DRAMP. The 
scalar multiplication of the driver and vehicle responses 
is executed in subroutine SCAM and the resulting amplitude 
and phase values computed in subroutine FRPH. 
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Discussion 
General Discussion and Conclusions 
A series of mathematical models have been developed, each of 
increasing complexity. The effects of increasing the 
complexity have been· shown to alter the response of the modes 
in all cases. However, the overall trends of the modes and 
the frequencies and damping associated with these modes 
remains similar. The final free control model is shown to 
. be stable under normal conditions, with one very lightly 
damped mode. This is, of course, a linear mathematical 
representation of the system and is therefore an advance on 
the previous mathematical models of a free control vehicle. 
The previous models, notably that of Segel (6), all resorted 
to the inclusion of non-linear elements to maintain stability. 
This, however, appears to be unnecessary since the automobile 
is intuitively a stable system, and this has now been shown 
to be true. 
The inclusion of the lateral flexibility of the suspension 
system is shown to be justified, since the effects of these 
flexibilities on the stability of the vehicle are similar to 
those due to the suspension/steering geometry. 
208. 
Two methods of driver assessment have been proposed, but the 
first method is shown to be unsatisfactory. This method is 
based on a single criteria which is obviously not sufficient. 
The improved method takes into account four basic criteria of 
the driver/vehicle system. The results from this investigation 
show that a contour can be defined within which the vehicle will 
have acceptable handling characteristics. 
Future Research 
Future work in this area of study should be concentrated on 
developing a method of driver assessment. The study of 
vehicle dynamics is now well documented with models of 
varying degrees. of sophistication available. 
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The second method of driver assessment presented in this Thesis 
provides a basis on which to develop any future work. Before 
continuing with the theoretical investigation, some 
experimental work should be done to investigate the effects 
of driver lead on his opinion of the handling characteristics 
of a vehicle. This could be done in one of two ways. A 
vehicle simulator could be built and system identification 
techniques used to determine the driver transfer function, 
and hence investigate the effects of lead on opinion. Another 
approach could be to use an analogue model to represent a 
simple system and then determine the driver characteristics 
when performing certain tracking tests. This second method 
would perhaps.form the basis of an initial study with the 
vehicle simulator forming part of a longer-term research 
project. 
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Nomenclature 
Subscripts 
F front R rear 
A Roll inertia of vehicle 
C Yaw inertia of vehicle 
C8 Lateral tyre force - camber angle coefficient 
Cy Lateral tyre force - slip angle coefficient 
H External torques acting on road wheels 
H,s Viscous damping in steering system 
la Inertia of hand wheel 
10 Inertia of front road wheels 
lop Polar moment of inertia of front road wheels 
KSC Flexibility of steering column 
KSL Flexibility of steering linkage 
KSS Total flexibility of steering system 
L Moment due to roll of vehicle 
Lv L<j> • L<j> ) 
Lr La L6 ) Rolling moment derivatives 
m Total mass of vehicle 
N Moment due to yaw of vehicle 
Nv N<j> • ) N<j> 
• Nr No No ) Yaw moment derivatives· 
NG Steering gear box - gear ratio 
NL Steering linkage - gear ratio 
P<j> Roll stiffness of vehicle 
p. 
<j> Roll damping of vehicle 
• 
. , 
RR 
T 
s 
t 
U 
v 
W 
XF 
XR 
XI2 
X21 
Yv Y.p Y~ ) 
Yr Ye ytS ) 
y 
w 
Rolling radius of tyre 
External torque acting on hand wheel 
Laplace Transform variable 
Time 
Forward velocity of vehicle 
Sideslip velocity of vehicle body 
Vertical load on the tyre 
Distance from c.g. of vehicle to front 'axle' 
Distance from c.g. of vehicle to rear axle 
Distance from c.g. of vehicle to effective 
steering pivot point 
Distance from c.g. of front wheels and associated 
steering system to pivot point 
Mechanical + pneumatic trail of front tyres 
Lateral tyre force 
Lateral force derivatives 
Angular displacement of hand wheel 
Camber angle of wheels 
Slip angle of tyres 
Angular displacement of front wheels 
Eigenvalues 
Roll angle of vehicle 
Angular velocity of road wheel 
Frequency 
Cross Over frequency 
Cut off frequency 
21 "( . 
218. 
Roll steer coefficient 
Flexibility steer coefficient 
Camber-roll coefficient 
Flexibility camber coefficient 
Roll scrub coefficient· 
219. 
Appendix A1 
Vehicle Data 
A = 29.12 Kg rn 2 
C = 195.88 Kg rn 2 
Cf3 F = 12771. 5 N/rad 
Cf3 R = 12771. 5 N/rad 
CYF = -94340.0 N/rad 
CYR = -101905.0 N/rad 
GR = 27. 3 
_ I 
H· = -181. 7 Nrn/rad sec 0 
lu l = 1.565 Kg rn 2 
10 = 0.106 Kg rn 2 
lop = 0.098 Kg rn 2 
_I 
t = 2.95 rn 
KSS = 8352.9 Nrn/rad 
rn = 8352.9 Kg 
rnl = 2472.0 Kg 
rn2 = 86.8 Kg 
P4> = -54699.7 Nrn/rad 
_ I p. 
= -2712.0 Nrn/rad sec 4> 
XF = 1.680 rn 
220. 
XR = -1. 370 m 
Xl 2 = 1. 655 m 
X2' = -0.025 m 
XF' = -0.040 m 
aOF 
= 0.32 rad/rad aT" 
~ = 0.02 rad/rad acp 
~ = 0.94 rad/rad acp 
aYF' 
~ = -0.633 m/rad 
aYR' 
= -0.088 m/ras ~ 
221. 
Vehicle Derivatives 
Lv 
y~ = 'IF ,j t- y~~ 
14> = a'{,,' 1,,;, f- a '{;.' YRi> t- p~ 
"?J(P dl/J 
N~ ~ ;(" y,,~ ... Xt. Yt.~ 
Y.p = '1Ft/> + Y'-t/> 
4", = d'lF' '1Ft/> 1- d 'It. ' Y"(J t- Pep 
del> de/> 
Nif> = X.F '1Ft/> ... :x. £. YI. cp 
Yr = 'IFr ... '{fir 
Lr = d 'IF' YF,. .. d y,.' \{tr 
2><$ ac/J 
N, = XF 'IF, + ::(/1. 'f/?r 
,/.." = 'iF'b 
L ... = d'lF' YF~ 
-
c>c/J 
N& c )(F 'In, 
WIIER.E :-
'1F v = C.c,sF' / U 
'IFJ, = c,,,,' 9..J/ / lA 
dl/> 
~~~~-~-
222. 
YF1 = - ('lsF' d~F i- Cf!>f-' deS;: 
oq, oC/> 
'1FT ~ L'TJF' :J(F / U 
YF'a = -C'lrF' do<. 
-Ob. 
'IR.V = .Clf(//u 
'1f~ = C'6f' d 'If' Iu 
-oct> 
YP.!/J = C-IfR 
, a~1I. i- C"t. I a rP 'fl. 
oC/! dc:p 
'fRr = C'6~1 XR./ U 
Appendix A2 
1 • Solution of the Eigenvalue Problem 
On reduction of a set of n 2nd order differential equations 
to a set of 2n first order differential equations, they can 
be written in matrix notation as 
dx ~ dt + Bx c (2.1.) 
-1 Multiplying both sides of the equation by ~ the result is 
U dx A -1 Bx A -1 C dt + = = - = 
(2.2.) 
U dx D E or dt + x = = 
(2.3. ) 
D -1 B and E -1 where = A A C 
= = = = 
The above set of first order differential equations have a 
solution of the form shown below for zero input, i.e. E = 0 
x 
-At XO e 
Therefore, substituting the above result into equation (2.3.) 
A U xo -At D xo -At 0 e + e = (2.5.) 
-
Therefore 
D A U 0 
= = 
(2.6.) 
The non trivial solution of the above equation gives the 
eigenvalues of the set of differential equations. 
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The eigenvectors are obtained by substituting each eigenvalue 
back in turn·into the equations, and obtaining the associated 
amplitude vector. 
2. Frequency Response of a Dynamic System 
The frequency response of a dynamic system can be obtained 
analytically by the following method :-
Consider a set of n differential equations 
a 
I 1 
a21 XI + a22 lt2 + a2n xn + b2l XI + b 22 X2 + ... 
b 2n Xn + C2l XI + C22 X2 ••• + C2n Xn = d 2Y2 
(2.7.) 
a XI + a X2 + ann X + b Xl + h. 
• 2 
+ X .... 
nl n2 n nl n2 
b 
. C C C
nn 
d xn + XI + X2 ... + xn = n Y2 nn nl n2 
Assuming all initial conditions to be zero, transforming into 
the S domain and writing the equation in matrix notation, we 
have :-
A S 2 X B C + s x + x (2.8.) 
= = -
To obtain the frequency response of the system vector ~ the 
Laplace transform variable, s, is set equal to j w. Therefore 
the above equation becomes. 
(Q ~w 2 j ~w ) Qy + x = (2.9.) 
i.e. (~ + j g) x QY (2.10.) 
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The problem therefore becomes a matter of inverting the complex 
matrix (E + j G) so that a numerical solution can be obtained. 
= = 
The system vector will be of the form :-
x=a+jb (2.11.) 
Therefore, assuming the forcing vector Q to be always real, 
we have :-
(~ + j G) (~ + j ~) Qy 
= 
(2.12.) 
Ea Gb Qy (Real) 
c: -
-
(2.1).) 
E b + G a 0 (Imaginary) (2.14.) 
-
Therefore, from equation(2.14.) an expression for ~ is 
obtained :-
a = 
-1 
-G E b (2.15.) 
= = 
and substituting into equation (2.1).) and re-arraning the 
terms 
(~ :~t E .. Q) b (2.16.) 
From equation (2.1).) an expression for b is obtained :-
b G-1 (E a (2.17.) 
= =-
and substituting into equation (2.14.) and re-arranging the 
terms 
-1 (E G E + G) a 
= =. = =-
(2.18.) 
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Let E + = H 
= = 
Therefore, the complex response vector a + j b is given by :-
H E -1 Qy a = G 
- - -- (2.19.) -
b = H Qy 
= 
3. Static Margin for Three Degree of Freedom Model 
The static margin is defined as the logitudinal distance from 
the centre of gravity, to the point at which a lateral force 
applied to the vehicle produces zero steady state yawing motion. 
Consider the equations of motion for the three degree of 
freedom model :-
mv + mUr = Y v + Y'~ + Y.p.p + Y r + Yoo v . .p r 
A.p = Lvv + Lo~ 
.p + L.p.p + Lrr + LoO 
° er = N v v + No.p .p + N.p.p + N r r + Noo 
Now consider the steady state equations and let the steer 
angle 0 be zero. 
Therefore: 
mUR = Y v + v Y.p.p + Yr R 
0 = L v + L.p.p + Lr R v 
0 = N v v + N.p.p + Nr R 
where v,. .p , ~ , and r equal zero and :-
v = V; r = R; 
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Now from the definition of the static margin consider a 
lateral force Y applied to the vehicle at a distance (-i) 
from the c. g. of the vehicle such that R is equal to zero. 
y = y V + Y cp <I> y 
0 = L V + y . Lcp <I> 
X Y = NyV + Ncp <I> 
. Y Ycp -1 V y 
L Lcp 0 y <I> = 0 
N Ncp y -x Y 
Therefore for the non trivial solution 
Yy Ycp -1 
L Lcp 0 = 0 y 
N y Ncp -x 
-The static margin x is therefore given by :-
L Ncp - N Lcp y y 
x = Y Lcp - L Ycp y y 
• 
4. Definition. of Terms from Control Theory 
Phase Margin 
Most dynamic systems are described as being stable or unstable, 
usually depending on the sign of the exponential term for 
·simple single degree of freedom and second order systems. 
i. e., y(t) -Kt Ae sin (wt + $) stable 
y(t) +Kt Ae sin (wt + $) . unstable 
For more complex systems, the reasons for instability are more 
difficult to express in simple terms as above. 'However, as 
most of the systems worthy of further consideration are stable, 
the problem then arises of how stable is a particular system? 
For example, a system with a very low damping ratio is still 
stable, as is the system with a very large damping ratio; 
'. 
however, the fir~t system is not as stable as the second 
system, since a slight change in the damping conditions could 
cause the low damped system to become unstable. To obtain a 
measure of stability, the criterion of gain and phase margins 
have been developed. The criterion depends upon the fact 
that the frequency response of any system crossing the real 
axis to the left of the point (-1, 0) is unstable (the response 
plotted on real and imaginary axes) (22), i.e. a system with 
greater than unity amplitude ratio and a phase shift of 1800 
is unstable. The phase margin is therefore 
defined as 1800 minus the phase angle at the frequency when 
the gain is unity • 
228. 
When the frequency response is plotted as log amplitude v log 
frequency and phase v log frequency (Bode diagrams), the phase 
margin for a stable system is positive. 
The usefulness of this criterion is that the closed loop 
stability of the system can be assessed by plotting the open 
loop frequency response. 
N.B. $ is the phase difference between the input and 
output signals. 
229. 
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Appendix A3 
Tyre Formulae 
Tyre data is us·ually presented in the form of graphs relating 
lateral force, aligning torque, etc. to the tyre slip angle; 
however, the data supplied in the Automotive Engineering Journals 
does not normally give some of the parameters required in the 
mathematical model developed in this work. In order to obtain 
these values, empirical formulae developed by Smiley (18) for 
aircraft tyres has been used. These formulae are based on a 
series of extensive experimental tests on a range of aircraft 
tyres. 
1. Relaxation Length 
The relaxation length of interest is the yawed rolling 
relaxation length. The relationship between the dynamic 
tyre force and static force is as given in Section (3.2.). 
The tyre constant required in the exponential term is the 
relaxation length. From Smiley's work, the relaxation length 
is shown to depend on the tyre deflection as shown below :_ 
11 ( ~/d ~ 0.053) 
(2.8 - (0.8 p/Pr))w = 
R, (64 )i Id ) - 500 ( 6 /d ) 2 1. 4045 p/Pr)) -(2.8 - 0.8 w = 
(0.053 <!. & Id t; 0.068) 
~ 
(4 bid S Id (2.8 - (0.8 p/Pr))w = 0.9075 - ) (0.068 t; ) 
These formulae therefore require a knowledge of the deflection 
of the tyre under a pure vertical load, the tyre pressure to 
burst pressure ratio, and the width of the free standing tyre. 
These parameters can be easily determD~ed, and hence the 
relaxation length calculated. The results in fact compare 
wi th the approximate value quoted in some journals for the 
relaxation length; this being equal to 0.9 x the radius of 
the tyre. 
2. Rolling Radius 
The rolling radius of the tyre is required to compute the 
gyroscopic couples acting on the wheels and body. The 
definition of the rolling radius is given as the ratio of 
the horizontal displacement of the wheel axle, dx, to the 
. angular displacement of the wheel de 
= 
since v = 
dx 
de 
dx 
Ut 
= 
and 
v 
n 
o = de Ut 
This rolling radius value is modified by the different loading 
conditions of the tyre. Smiley shows that the rolling radius 
of a yawed tyre under a vertical load is given by :-
r - , d 
= 
cos i 
231. 
2J2. 
From the' above equation the rolling radius is reduced by the 
deflection of the tyre and then increased by the effects of 
the yawed tyre. Since dd is small and the yaw angle is also 
small, for a linear representation of the vehicle dynamics 
the rolling radius is approximately equal to the free radius 
of the tyre. 
J. Pneumatic Trail 
The pneumatic trail is also a non-linear function of the yaw 
angle. In this case, the pneumatic trail is given by the 
following functions 
* = 0.8/(1 - 4/27 ~~) (~,. <0.1) 
(0.1 < 4> ... < 0.55) 
(0.55 < ~T< 1.5) 
* = 0.2925 - 0.1~ ... 
where 
~T = ~~ y 
q = pneumatic trail 
h half tyre footprint length 
p tyre inflation pressure 
Pr rated tyre inflation pressure 
w tyre width 
<5 vertical tyre deflection 
d tyre diameter 
r tyre radius 
Appendix A4 
Measurement of Suspension Flexibility 
To try to gain some knowledge of the magnitudes of the flexibility 
of suspension systems, a simple rig was devised which would give 
approximate values. This is all that is required, since the 
purpose of introducing the flexibilities was to demonstrate the 
importance of including their effects into a mathematical model 
of the lateral motions of an automobile, and not to give absolute 
answers. The measurement of these flexibilities has been attempted 
by a few people, Mitschke and Strackerjan, who have measured values 
of (5.95 x 10-4 r/Kp m) and in a General Motors Publication by 
Rasmussen et al (23) a range of values of suspension compliance 
parameters are given (see table A4.1.) All these measurements 
are for Continental and American cars, so it was felt that some 
estimation of the compliance in a suspension system of'a British 
car was required. However, the preliminary measurements were made 
on a 1963 Ford fuunus as this was constantly available, having 
developed a system for measuring the compliance, measurements on a 
1967 Hillman Minx Estate were taken. 
To measure the compliance of any system the usual procedure is to 
apply a load and measure the deflection of the component under test. 
This would therefore appear to be the approach when measuring the 
compliance of a suspension system; however, if the suspension 
under consideration is placed on a bearing plate (Fig. A4.1.), the 
car body will roll through an angle and thus cause the suspension 
geometry to change, so that the 'deflections measured will not be 
the desired values. 
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WHEEL/SUSl',I'I:)ION 
UNDER TEST 
\ 
-D.T.I. 
234. 
TO OVEHHEAD CRANE 
./ - SPRING BALANCE 
t DIRECTION OF APPLIED LOAD 
r_.,~PULLEY 
BEAHING __ -~~ii~~========dft 
PLATE: 
F=#======t 
AllJUSTABLE FEET 
LAYOUT OF TES'P lUG 
PIG. M.l 
Th'.! pr'fJb1.r:!rn UU.:ll iJ!;(:o[llf):; one of nithcr al.lowinE Lhe ellr' bud'y t~() 
roll, and then measure the resulting suspem:ion gnome try changes, 
or to try to prevent the body from rolling. The first solution 
makes a somewhat simple test very complicated, so that the second 
method was used. The vehicle was assumed to be in a normal static 
condition when the opposite wheel was raised to the same height as 
the wheel located on the bearing plate. 
Before describing the procedure used to measure the suspension 
compliances, the theoretical considerations must be developed. 
235. 
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Table M.l . 
SUSPENSION COMPLIANCE PARAMETERS RASMUSSEN 
FRONT DEFLECTION STEER + 1. 71 degree/g 
to - 1.00 degree/g 
REAR DEFLECTION STEER + 0.43 degree/g 
to - 0.57 degree/g 
FRONT DEFLECTION CAMBER + 3.55 degree/g 
to - 1.14 degree/g 
REAR DEFLECTION CAMBER + 1.57 degree/g 
to - 4.28 degree/g 
(standard vehicle data) 
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Theoretical Considerations 
The wheel and suspension system are placed on a bearing plate and 
a lateral load applied to this plate, thus distorting the tyre and 
suspension system. The load, even if applied through the geometric 
centre of the wheel, will still apply a moment to the suspension 
due to mechanical and pneumatic trails; this moment arm being 
unknown. Consider the system shown in Fig. A4.2., and taking moments 
about the geometric centre. 
+ = o (4.1.) 
Then taking moments about the centre again for the same load applied 
about a different moment arm 
F + Fe + = 
X2 x 
Eliminating Fe from equation (4.1.) 
x 
= -(F + T ad 
Xl a 
o 
Substituting into equation (4.2.) for Fe 
x 
Ta = F(x2 - xd 
la 2 - a d 
(4.2. ) 
(4.3.) 
= o 
The lateral stiffness of the tyre plus suspension system is given 
by :-
K Y Y 
K 
Y 
= F 
= Fly 
F 
K~ 
l:. 
~~ 
Te 
- - -,- - -- - - - - - - - -, 
I • , 
, 
I 
, / 
·----~;~w~m-
F 
~r. 
, 
I F 
, 
I 
Applied lateral load 
Lateral stiffness of tyre and suspension 
Moment ann 
Lateral dis]Jlacement of wheel 
Trail of tyre 
Torsional stiffness of tyre and suspension 
FIG. M.2 
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Similarly for the camber flexibility: if T cp is the 
stiffness of the tyre plus suspension system and cp the angular 
rotation of the total system, then the moment balance is given by :-
F.R = 
= 
F.R 
-cp-
where R is the radius of the tyred wheel. 
Pro(;oc:iurn 
The method developed to measure the suspension stiffness is as 
follows. The wheel under consideration is placed on the bearing 
plate; this consists of two t, metal plates separated by ball 
bearings located in a metal grid so that the top plate on which 
the wheel is placed, is free to move under the action of an applied 
load. The opposite wheel is raised to the same level. The load is 
then applied by attaching a cable to an overhead crane,as shown in 
Fig. A4.1. The applied load being measured on a spring balance. 
The movements of the wheel were determined by measuring the 
deflections of the outer edges of the wheel. Dial gauges were 
used and a plate being located centrally on the wheel which provided 
a flat surface against which to place the gauge probes. The moment 
arm must also be determined prior to taking the readings. This is 
done by ensuring that a centre on the surface plate was located at 
the centre of the wheel. The distance between this centre line and 
the wire cable can then be measured. The lateral load is then 
applied in increments of 20 lbf and the resulting deflection noted. 
The load is applied until either the wheel starts to slip, or the 
maximum reading on the spring balance is reached. The load is then 
decreased in steps of 20 lbf. 
Although the actual measurements are relatively easy to take, ·the 
accuracy of the results is affected by the initial setting up of 
the vehicle relative to the line of action of the applied load, and 
the roll of the vehicle. This means that before each test the 
vehicle must be re-positioned at right angles to the cable, since 
due to hysteresis effects, the wheel does not return to its original 
position. 
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Also, measurements of the roll of the vehicle showed that it is 
never totally eradicated, even with opposite wheels at the same 
level; this is presumably due to an imperfect suspension geometry, 
and variations and wear in components and tyres. 
241 . 
Results 
A summary of the results is presented in Table A4.2, and a typical 
plot of the results is shown in Fig. A4.3 and Fig. A4.4. 
From the results, it can be seen that for large lateral forces, 
242. 
the deflection/force curve becomes very non-linear with a hysteresis 
being very apparent. Some of the hysteresis may have been due to 
the tyres slipping under large lateral loads. This means that the 
linear relationship between wheel deflection and lateral force is 
true only for small magnitudes of force. The magnitudes of the 
deflections in steer and camber, indicate that the assumed values 
are of the right order, ·and that perhaps increased flexibility could 
be designed into a vehicle. 
The results from the front suspension only are given, since those 
from the rear suspensions were more erratic, suggesting that the 
method of testing was not suitable. 
Ford Taunus 
(front suspension) 
Hillman Minx 
(front suspension) 
Table A4.2. 
Deflection Steer 
deg/g 
0.7 
0.835 
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Deflection Camber 
deg/g 
1.51 
1.62 
sr11~~ER 
DEPLECTION 
(INS.) 
.06 
.05 
.02 
.01 
O· 
x LOAD INCREASING 
o LOAD DECREASING 
100 
LOAD Iba. 
LOAD DEFLECTION CURVE FOR FRONT SUSPENSION OF HILLMAN MINX 
FIG. A4.3 
200 
CAHBER 
DEFLE.'CTION 
(INS.) 
.08 
.06 
.05 
.03 
.02 
.01 
o 
x LOllD INCFil'dI.:3ING 
o LOAD DECREASING 
100 
LOAD Iba. 
LOAD DEFLECTION CURVE FOR FRONT SUSPENSION OF HIUMAN MINX 
FIG. M.4 
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Appendix A5 
EIGENVECTOR STAR PLOTS 
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PHASE U = 15.2 m/s 
MARGIN 
(DEGllEES) 
100 
d~, 
drt> 
90 0.5 
0.4 
0.3 
80 0.2 
0.1 
0.0 
10 
-0.1 
60 
50 
40 
• 
30 
0.1 0.2 0.6 
DRIVER LEAD (::;ECONDS) 
PHASE MARGIN (0 - 1Hz) v DRIVER I,EAD 
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u = 22.8 m/e 
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u = 38.0 m/s 
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256. 
Appendix A6 
Program Nomenclature in Terms of Text Nomenclature 
AF 
AN. A 
AR 
AS KSS 
BF 
BR 
CF 
CN C 
CR 
DF 
DR 
EF 
ER 
': 
GF 
GR 
HD 
CAF 
CAR 
PO 
PO~ 
RA 
u 
WF 
WR 
~ 
a <I> 
~ 
a <I> 
~ 
aYF 
~ 
aYR 
p. 
<I> 
u 
257. 
WT 
WTl 
WT2 
XF 
XFl 
XR 
X12 
X2I 
ZA 
ZD 
ZDP 
m 
la 
I . 
op 
258. 
259. 
Computed Variables 
CRI 
CRI 
CAFI 
CARI 
YFV 
YF<j> 
YF<j>1 
YFR 
YFD 
YFDI 
YRV 
YR<j>1 
YR<j> 
¥.RR 
YV 
LV 
NV 
Y<f>l 
L<f>l 
N<f>l 
YR 
LR 
NR 
YD 
LD 
ND 
L 
v 
y. 
<f> 
L· 
.<f> 
N· 
<f> 
Ye 
Le 
2(;0. 
C THIS PROGRAM COMPU'!'I':S THE EIGENVALUES AND EIGENVECTORS OF 
C A DYNAMIC SYSTr~4 THE D.E~ EQ.UATIONS MUST BE REDUCED TO 
C FIRST ORDER AND BE IN MATitIX FORM 
C 
C 
DIMENSIONA(10 10),B(10,10),C(10,10) 
DU-lENSIOND(10 LINT(10) ,CNT( 10) ,WA(10) ,WI(10) ,MA(10) ,MB(10), 
lINT1 (10) 
C VEHICLE DATA 
C 
C 
ANa029,12 
CN=195.88 
CAF=12771.5 
CAR=12771.5 
CF:-94341.0 
CR=-101905.0 
HIl=-181.7 
ZA=1.565 
ZD=O.106 
ZDP=O.098 
RA=2.95 
ASS=8352.9 
WTa02558.7 
WT1=2472.0 
WT2=86.8 
PO:-54699.7 
P01=-2712.0 
XF=1.68 
XR=-1.37 
X12=1.655 
X21-<l.025 
XF1-<l.04 
IlF=O.32 
DR=O.02 
EF=O.94 
ER=D.O 
BF=-O.633 
BR=-O.088 
WF=17400.0 
WJ!=16200.0 
AF=O.O 
AR=D.O 
GF=O.O 
GR=O.O 
C COMPUTE MODIFIED TYRE FORCE COr~FIC+ENTS 
C 
C 
CF1=CF/(1.0+(CF*AF)/(57.3*WF)-(CAF*GF)/(57.3*WF)) 
CR1=CR/(1~0+(CR*AR)/(57.3*WR)-(CAR*GR)/(57.3*WR)) 
. CAF1=CAF/(1.0(CF*AF)/(57.3*WF)-(CAF*GF)/(S7.3*WF)) 
CAR1=CAR/( 1.0+( CR*:\R)/(57 .3*WR)-( CAR*GR)/(57 .3*WR)) 
C SET THE VEHICLg Vl;:LOCITY 
C 
DO 600 KK=1,6 
U=7.62*KK 
WRITE(2,6)U 
261. 
6 ;.'I)/:MA'r(1H1,3X,tlI!U '" ,e'5.1,12HF'!:I>:r a:n sJ,.'C) 
~10 . 
C 
C CLF.AH Tm: l,:LJol'lr.:NTS OF ALL 'rHJo; MATlnCg; USED 
C 
CALL HFMN(N,C,B) 
C 
C SET· UP THE MATHIX OF COEFFICIENTS OF FIRST ORDER 
C DIFFERENTIAL TERNS 
C 
C 
C 1,1 =1. 
C 2,2 ~ZA 
C 3,3 =-1. . 
C 4,4 ~(ZD+WT2*X21*X21) 
C 4,8 =BF*X21*WT2 
C 4,9 =X21*WT2 
C 4,10)~(ZD-WT2*X21*(X12-X21» 
C 5,5 =1. 
C 6,6 =1. 
C 7,7 =1. 
C 8,8 =-AN 
C 9,4 =WT2*X21 
C 9,8 =-WT2*BF-WT1*BR 
C 9,9 _VlT 
C 9'10~_WT2*(X12-X21) 
C 10,8 =-WT1*X12*BR 
C(10,9 _WT1*X12 
O(1O,10):oCN 
C SET UP THE MATRIX OF COEFFICI~ryS OFCONSTANT TERMS 
C 
B 1,2 _1. 
B 2,1 _ASS 
B 2,3 =ASS 
B 2, 7 ~DF*ASS 
B 3,4 _1. 
B 4,1 =ASS 
B 4,3 _ASS 
B 4,4 =HD 
B 4,5 =XF1 
B tI,7 =DF*ASS 
B 4,8 =ZDI*U*F,F 
B 4,10)=X21*WT2*U . 
B 5,3 =(1.-XF1+X21)*RA*CF1*U 
B 5,4 :oRA*X21*C<'1 
B 5,5 :oRA*U 
B 5,7 _RA*U*(-CF1*DF+CAF1*EF) 
B 5,8 _RA*CF1*BF 
B 5,9 _RA1CF1 
B 5,10)_RA*(X*"-X21+XF1)*CF1 
B 6,6j=RA*U B 6,7 =RA*U*CR1*DR 
B 6,8 _RA*CR1*BR 
B 6,9 _RA*CR1 
B 6,10)=-RA*CH1*XR 
B 7,8 _1. 
B 8,4 =-ZDI*U 
B 8,5 =BF 
B 8,6 =BR 
B 8,7 =PO 
B 8,8 =P01 
262. 
, i 
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C 
B 9,6)=1. 
B(8,10)=-ZDP*U 
BI9,5)=1. 
B 9,10)~W'P*U 
B 10,6)=X12-A"R 
B 10,10)~X12*WT1*U 
C CALL THE SUBROUTINES TO COMPUTE THE EIGENVALUES AND VECTORS 
C AND TO PRINT OUT TID; RESULTS 
C 
MFPc2 
AACHEPS=1.0~10 
CALL HFEVV(N ,C ,B,MFP ,AACHEPS ,A,D,INT ,CNT ,WA"II ,MA,HB,INT1) 
600 CONTINUE 
STOP 
END 
263. 
C THIS PROGRAM COMPU'l'F2 THE FREQUENCY RESPONSE OF A DYNAMIC 
C SYSTUI THE EQUATIONS MUST BE IN HATRIX FORM AND REDUCED TO 
C TBF: REAL AND INAGINARY PARTS FOLLOWING THE SUBSTITUTION OF 
C THE LAPLACE VARIABLF: S= J*W 
C 
C 
DIHr~SION A(6,6),B(6 t6),C(6),D(6), 1A1(6,6),A2(6,6),C1(6},D1(6) 
N~ . 
C, VEHICLE DATA 
C 
C 
AN=29.12 
CN=195.88 
CAF=12771.5 
CAR=12771.5 
CF=-94341.0 
CR-101905.0 
HD-181 ,7 
ZA=1.565 
ZIl=c{). 1 06 
ZDP=O, 098 
RA=2.95 
. A3S=8352.9 
io/T=2558.7 
WT1=2472,O 
WT2=86.8 
1'0=-54699.7 
P01~2712.0 
XF=1.68 
XR=-1.37 
X12=1.655 
X21=-O,025 
XF1=-O.04 
DF=O.32 
1lR=O,02 
EF=O.94 
ER=O,O 
BF=-O,633 
BR=-O.088 
AF=O,O 
AR=O,O 
GF=O.O 
GR=O,O 
U=100.0 
C SET UP INITIAL FREQUENCY AND SUBSEQUEN'f INCm':MENTS 
C 
DO 600 KK=1,100 
W1=KK*0.1 
W=2.*3.14159*W1 
C COHPUTE MODIFIED TYRE FORCE COEFFICIENTS 
C 
C 
CF1=CF/( 1,0+( CF"AF)/(57 .3*WF)-( CAF'GF)/(57. 3*WF» 
CR1=CR/(1.0+(CR*AR)/(57.3*WR)-(CAR*GR)/(57.3*WR» 
CAF1=CAF(1.0+(CF*AF)/(57.3~WF)-(CAF'GF)/(57.3*WF» 
CAR1=CAR(1.0+(CF*AR)/(57.3*WR)-(CAR*GR)/(57,3*WR» 
C CLEAR THE ELEMJo::NTS OF ALL THE mT!lICES USED 
C 
CALL liFMN3(N,A,B,C,D) 
C 
C SET UP THE mTRIX OF REAL COEFFICIENTS 
C 
264 •. 
C 
A(1,1 =ASS-',.,r'W~(ZD+X21*X21*WT2) 
A(1,2 ~(XF1-X21) 
A(1,4 ~ASS*DF. +'''''W*X21*WT2*BF 
A ( 1 .6 =-X21 *W".'2'*U 
A(2,1 =(1.-XF1+X21)*HA*CF1*U 
A(2,2 ..RA*U 
A(2.4 =-RA~·U*(-CF1*m'-tCAF1*EF) 
A(2.5)~RA·*CF1 
A(2 ,6 )=-RA ~\:F1*(X12-X21 +XF1 ) 
A(3,3 =RA*U 
A!3'4. =RA*WCR1*DR 
A ,.5 =-RA*CR1 
A 3.6 ~RA"'CRl*XH 
A 4,2 ~BF 
A~4'3 =-ER A 4,4 _PO-AN'W'W 
A 4,6 =ZD~lT 
A(5,1 =, .. 'T2*X21~·\;*W 
A(5.2 ~1. 
A(5., =-1. 
A(5.4 =-(~/'T2*BF+·wT1*BR)*W*i; 
A(5,6 =\;T*U 
A(6,3 =Y12-XR 
A(6,4 ='.1TPX12*BH*W*'"" 
A (6. 6 =-X12*'WT1~U 
C SET .up THE l'"cATHIX OF IMAGINARY COEFFICIh'NTS 
C 
C 
B( 1, 1 ~=-HD*W 
B(1,4 _ZDF*U*EF*W 
B(1,5 ~X21*WT2'W 
B( 1,6 =(Z~X2pW'r2*(X12-X21) )*W 
B(2,1 =iiA'X2PCFl'W . 
B(2,2 =W 
B(2,4 =-iiA*C,'1*Br"'W B(,., =W 
B(,,4 _RA*CHP'Bl,*W 
B~4. 1 "ZDF*U*W 
B 4.4 =-P01*W 
B 5'5~=,.iT*1oJ 
B(5,6 =v,'T2*W*(X12-X21) 
B(6,5 =-'.-IT1*X12"W 
B(6,6)=CN*W 
C CALL THE SUBHOU'oI!'"S TO COMI'UT', THE VEHICLE RESPONSE 
C TO A STEEll ANGL}> INPUT 
C 
C(1)=ASS 
CAI,L SCLE(N,A,B,C,D,A1,A2.C1.D1) 
CALL FRPH(N ,C ,D,'w1,X4, S ,AMP) 
600 CONTINUE 
STOP 
END 
265. 
266. 
SUAIWUTINE F'tlPH(N, C, D, IVl ,X4, P , AMP) 
C SURnOUTlNE TO CA],CULATE THE MODULUS AND PHASE FROM THE m,:SDr:rS OP 
C SUBROUTINE HFSCLg 
C SUBROUTINE CALJ,ED PHASE 
C 
C 
DIMENSION C(6) ,n(6) 
WRITE(5,20)Wl 
20 FORMAT(3X,11HFREQUENCY =,F4.1,3X,7HMODULUS,10X,5HPHASE,/) 
DO 10 I=l,N 
AMP=SQRT(C(I)*C(I)+D(I)*D(I)*D(I» 
AMP=O. 43429* ALOG( MIP) 
P=(ATAN(D(I)/C(I»)*57.3 
CALL PHASE(C(I),D(I),w1,P) 
PM.-180.-P 
C PRINTS OUT THE RESULTS OF THE MODULUS AND PHASE COMPUTATION 
C 
C 
C 
C 
'WRITE(5,30)Al-IP,P 
30 FORMAT(18X,E13.6,3X,E13.6,/) 
10 CONTINUE 
'HETURN 
END 
SUBROUTINE PHASE(C,D,W1,P) 
SUBROUTINE TO DETERMINE WHICH QUADRANT THE PHASE ANGLE IS 
SITUATED IN AND CORRECT THE CONFUTED ANGLE ACCORDINGLY 
A=D/C 
IF(A)10,11,11 
11 CONTINUE 
IF(C)21.21.22 
22 IF(D)21,21,20 
21 CONTINUE 
P-180.+P 
GO TO 30 
20 IF(W1-2.)41.41.40 
41 CONTINUE 
P=P 
GO TO 30 
40 P-360.+P 
30 CONTINUE 
GO TO 50 
10 IF(D)60,61,61 
61 CONTINUE 
P-0180.+P 
GO TO 50 
60 p=p 
50 CONTINUE 
RETURN 
END 
c. 
C 
·C 
·267. 
SUAA(UTI~E SSSUL(X4,P,~,X' 
SUB~CUTINE Tu COMPUIE ThE STEADY STATE AE5P~N~E UF THr VEHICLE ro 
DIMENSl(J~ P(6,6',U(6',X(6' 
CCMMON lCP,AN,CN,WT,POl,CAF,CAR,XF,XR,BF,BR,OR,F.F,ER,CF,CR,~R,WF, 
lHD,LD,WTl,~T2,RA,ASS,PO,ZA,XFl,X21,XI2,AF,DF,AR,GF,Gq,U,CFl,CRl, 
2CAFl,CARl 
OC.5CO Ll=l,6 
CC 5(0 NN=I,6 
500 PILL,N~'=O. 
Pll,1)=l. 
PIl,3'=ll.-XFl+X21'·CFl 
PIl ,4'=-IX12-X21+XFl '*CFlIU 
P(l,S'=-CFlIU 
PIl,6'=CFl*DF-CAFl*f:F 
1'12,1'=1. 
PI2,2)=I. 
P(2,4'=-~T*U 
P(3, ll=XFI-Xll 
P (3, cl) =-1155 
P 13 , 4 , = w r 2 *x.2l *u 
P (3,6,=ASS*OF 
P(4,2'=XI2-XR 
P(4,4'=-X12*~rl*u 
PI5,2)=I. 
PIS,4'=-CRl*XR/U 
PI5,5)=-CRI/U 
PI5,6,=CRl*OR 
P 16,1 '=BF 
P(6,2'=tl~ 
PI6,4'=-2.34*U 
PI6,6'=f'C 
<.:111=0. 
(';(2'=0. 
CI3'=-AS5 
1.;(4)=0. 
C:15'=0. 
1.:16'=0 • 
. . PAGE 10 
ClllL FMI 16,1') 
CALL FMV~16,P,C,X) 
X4=X(4) 
IoiRITEI5,100)X4 
100 FCRMATI3X,E13.6) 
RETURN 
END 
, 
26G. 
SURRnUTI~~ NIS'MPRL(Y.NN.~.~FS) 
r 
c . TH~ ~IIPR('IIITINE CALCULATES AN APPR(,vIMATE VAlIl~ FOR T~~ nlTfGQAi 'F 
C ~ FU~CTlnN WHOc~ VAlIIF~ AU~ ~NnWN AT nIS~RfIF POINTS 
C 
r V= TIlF VAI IJES ('IF THE ~ilNrTl'.l~ 
r. ~N .. THF "'I"'REI! OF ORDINATF~ (MUST qE'N"" 
r ~= rHF ST~P SI.E 
r. 
1')J"'Et.JSIONVINt.I) 
VnIlD"O. 
".NN_, 
M"'IN-? 
tlO 1 1=2.N.2 
, vnnn"vnoll+vCI) 
VFVHt=n. 
tlO 2 J=3.",.2 
~ VFVEN=Vf-.\I~"+YC I) 
p~S_IH.(VI1)+VINN)+4·ynDO+2.VE\lFN')/~. 
WRII ~17.'1,qES 
~ FOPMATI3'1HAREA UNDER P~SPONSF r.URV~ PQUALS ,~'3.6) 
QFTlJllf.J 
ENn 
SUBR(UTINE URAMPIN,W,T,TLo,TLG,PK,C,D) 
C SUBRCUTINE TO COMPUIE THE FREQUENCY COMPONENTS OF THE DRIVER MODEL 
C 
CIME~SIO~ (16).016) 
TI=I.+h*~*T*TLU/2. 
T2-ITLo-T/Z.)*W 
T3-1.-~*~*T*TLG/2. 
T4=1 TLG+Tl2.I*W 
DO le 1-1."-
CII)=l. 
0(1)=0. 
io CONTINUE 
CINl=PK*ITI*T3+T2*T4)/IT3*T3+T4*T4) 
OIN)=PK*IT2*T3-Tl*T4)/IT3*T3+T4*T4) 
RETURN 
END 
SUBROUTINE SCA~(N.C.D.C2.C3,C4.C5.C6.o21 
·C suBROUTINE Te COMPUTE THE SCALAK PRODUCr OF COMPLEX MATRICES 
C 
LJIMENSION C(6),01&),C216).D216).C3(6),C416).C516).C616) 
DC ID I-I,N 
C31 I)=CI Il *C.d Il 
C4 (I)-Cl I) *0<!1I1 
C'll I)=CI 1)*D.d I) 
C 6 I I ) = Cl Il *C2 ( I ) 
CII)-C31 Il-C41 I) 
D I I , = C 5 I I ) +C 6 ( I ) 
10 CGNTINUE 
R ETUilN 
END 


